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Abstract

Data from most practical processescontain contributions at multiple scalesin time and
frequency. In contrast, most existing univariate and multiv ariate SPC methods are best for
detecting events at only one scale. For example, Shewhart charts are best for detecting large,
localized changes,while EWMA and CUSUM charts are best for detecting small changesat
coarsescales.A multiscale approach for SPC that can adapt to the scaleof the relevant signal
features has been developed basedon wavelet analysis (Bakshi, 1998). This approach detects
abnormal events at multiple scalesas relatively large wavelet coe�cien ts. This paper presents
a theoretical analysis of univariate and multiv ariate multiscale SPC (MSSPC) for detecting
abnormal operation, and comparestheir properties with existing SPC methods basedon their
average run lengths (ARL). This comparison shows that existing SPC methods are best for
detecting featuresover a narrow rangeof scales.Their performancecan deteriorate rapidly if the
abnormal features lie outside this limited range. Since in most industrial processes,the nature
of the abnormal features is not known a priori, MSSPC provides better average performance
due to its abilit y to adapt to the scaleof the features. MSSPC alsoperforms well for monitoring
autocorrelated measurements since dyadic wavelets approximately decorrelate most stochastic
processes.MSSPC with dyadic discretization is appropriate for SPC of highly autocorrelated or
nonstationary stochastic processes.If the normal measurements areuncorrelated or contain only
mild autocorrelation, it is better to useMSSPC with integer or uniformly discretized wavelets.
Many existing methodssuch as,MA, EWMA, CUSUM, Shewhart, batch meanscharts, and their
multiv ariate extensions,are shown to be special casesof MSSPC. Thus, MSSPC can specialize
to these methods depending on the nature of the signal features. The properties of MSSPC
are illustrated by application to univariate and multiv ariate SPC problems from a large scale
petrochemical process.

Introduction

Statistical ProcessControl (SPC) has beenan active area of research for many decades.A broad
spectrum of methods have been developed, including methods for univariate SPC such as She-
whart, moving average (MA), exponentially weighted moving average (EWMA), and cumulativ e
sum (CUSUM) charts. Methods for multiv ariate SPC include multiv ariate extensionsof univariate
methods, and methods that monitor latent variablesobtained by combining the measuredvariables
to a lower dimension space. Popular methods for reducing the dimensionality of the measured
data include principal component analysis(PCA) and partial least squaresregression(PLS). Many
extensionsand applications of these have been developed (Kresta et al., 1991, Ku et al., 1995,
MacGregor, 1994).
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Most existing univariate and multiv ariate SPC methods operateat a �xed scale,and arebest for
detecting changesat a single scale. For example, Shewhart charts analyze the raw measurements
at the scaleof the sampling interval or the �nest scale,and are best for detecting large, localized
changes. In contrast, MA, EWMA, and CUSUM charts inherently �lter the data and therefore
processmeasurements at a coarserscale. They are best for detecting small shifts or features at
coarsescales. Tuning parameters such as window length or �lter constant determine the scaleat
which the measurements are represented.

In contrast to the single-scalenature of SPC methods, data from most practical processes
are inherently multiscale due to events occurring with di�eren t localizations in time, spaceand
frequency. A typical example of such data from a petrochemical processis shown in Figure 1.
Figure 1(a) shows data during normal operation, while Figure 1(b) represents unusual operation
due to a drier cooling event. In Figure 1(b), the processchangeat approximately 150 time units is
at a very �ne scaleand localizedin time, but spansa wide rangeof frequencies.The steadyportions
of the signal are at coarsescalesand span a wide temporal range. Finally, the changebetween425
and 675 time units consistsof a small sharp change followed by a short steady section and a slow
ramp at an intermediate scale. Ideally, techniques for detecting changesat di�eren t scales,such as
those shown in Figure 1(b), should adapt automatically to the scaleof the features. In responseto
this need,many heuristic or ad hoc techniques have beenproposedfor overcoming the single-scale
nature of SPC charts. These include the Western Electric rules (Western Electric, 1956) useful
for identifying patterns in data and combined Shewhart and CUSUM charts (Lucas, 1982) for
identifying large and small shifts. Other methods such as, CUSCORE charts (Box and Ramirez,
1992)may be specially designedto detect abnormal featuresif their character is known beforethey
occur. Unfortunately, for most practical processes,such information about the nature of features
representing abnormal operation is not known beforehand. The multiscale SPC method studied in
this paper can adapt to any type of signal change, and provides better averageperformancethan
existing methods for a range of changes.

Many existing SPC methods assumeuncorrelated measurements, whereas, in practice, auto-
correlated measurements are extremely common. A common approach for SPC of autocorrelated
measurements is to decorrelate them by �tting a time seriesmodel, and monitor the residual er-
ror. However, this approach is often not practical for industrial use, particularly for multiv ariate
processes,due to their high dimensionality. Other univariate approachesfor decorrelating autocor-
related measurements without time-seriesmodeling include taking the batch means(Runger and
Willemain, 1995), and �nding the residuals between the measurements and their one-stepahead
prediction by a moving centerline EWMA (MCEWMA) model (Mastrangelo and Montgomery,
1995). Batch meanscontrol charts often result in a signi�cant delay in detecting large shifts, while
MCEWMA is best only for integrated moving average(IMA) stochastic processes.Consequently,
neither approach is broadly applicable to di�eren t typesof stochastic processesand processshifts
and they lack multiv ariate generalizations. For multiv ariate SPC, the dynamics are captured by a
linear time seriesmodel by methods such as, dynamic PCA (DPCA) (Ku et al., 1995) or subspace
identi�cation (Negiz and Cinar, 1997). However, the autocorrelation is often still present in the
measurements. Traditional T 2 and Q control charts are then applied in the spaceof the selected
latent variables and their residuals. Theseapproachesoften work better than SPC by steady-state
PCA or PLS for autocorrelated data.

In recent years, wavelets have been popular for analyzing multiscale or autocorrelated mea-
surements due to their abilit y to compressmultiscale featuresand approximately decorrelatemany
autocorrelated stochastic processes(Donoho et al., 1995,Miller and Willsky, 1995). Thus, wavelet
coe�cien ts provide compact information about a signal at di�eren t localizations in time and fre-
quency. Also, the wavelet coe�cien ts of many stochastic processesare approximately uncorrelated
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Figure 1: Data from a petrochemical process. (a) Normal Operation, (b) Abnormal operation
representing the drier cooling event

since wavelets are approximate eigenfunctions of many mathematical operators (Beylkin et al.,
1991). Wavelet based multiscale methods have been developed for improved solution of many
tasks including data compression,estimation, feature extraction, and �ltering (Donoho et al., 1995,
Mallat, 1989,Miller and Willsky, 1995,Nounou and Bakshi, 1999,Sadler and Swami, 1999).

The bene�ts of multiscale representation using wavelets also have beenextendedto changede-
tection and processmonitoring. Methods for Bayesian multiscale change detection require prior
knowledge about the nature of the processchange (Ogden and Lynch, 1999). Such methods can
perform well if the necessaryinformation is available, but are not popular in industrial monitoring
applications due to a lack of the necessaryinformation for the prior, and a lack of familiarit y with
Bayesianmethods (Stoumbos et al., 2000). Another approach combines wavelets and multiv ariate
SPC basedon principal component analysis (PCA) (Bakshi, 1998). This approach, called multi-
scaleSPC (MSSPC), consistsof decomposing each measuredvariable to multiple scalesby using
a selectedfamily of wavelet basis functions. The decomposition permits identi�cation of signal
featuresat various scalesas relatively large coe�cien ts in uncorrelated data. The characteristics of
this multiscale approach have beenstudied and illustrated by many researchersand somevariations
have alsobeensuggested(Teppola and Minkkinen, 2000,Rosenand Lennox, 2001,Yoon, 2001)via
examples,but without any statistically rigorous simulation or theoretical analysis.

This paper presents the theoretical analysis and properties of univariate and multiv ariate
MSSPC proposedby Bakshi (1998). The performance of MSSPC and existing methods is com-
pared based on the average run lengths (ARL) for detecting shifts of di�eren t sizes. The ARL
is determined both empirically by Monte-Carlo simulation, and theoretically for uncorrelated as
well as stationary and nonstationary autocorrelated measurements. For autocorrelated univariate
measurements, MSSPC is comparedwith residuals,weighted batch means(Runger and Willemain,
1995) and MCEWMA (Mastrangelo and Montgomery, 1995) charts. The performance of multi-

3



variate MSSPC using PCA is compared with steady-state and dynamic PCA. To permit a fair
comparison between popular existing methods and MSSPC, the ARL analysis presented in this
paper focusesmainly on detecting mean shifts. However, MSSPC is suitable for detecting a much
broader variety of changes,as demonstratedby the industrial applications in this paper and others
(Bakshi, 1998, Aradhye et al., 2000, 2001, Kano et al., 2002). Furthermore, MSSPC subsumes
existing methods such asShewhart, MA, EWMA, and CUSUM charts, depending on the nature of
the selectedwavelet. Thus, MSSPC can adapt the data �lter and the detection limits according to
the nature of the processchange,and can specializeto existing methods if necessary.

Theoretical analysis and application to industrial data indicate that MSSPC is a good general

method for SPC of processescontaining featuresof di�eren t typesand sizesand at di�eren t scales,
from uncorrelated or autocorrelated measurements. These results indicate that if the size and
shape of the features representing abnormal operation are known a priori, then one or more of the
conventional SPC methods can be tailored to outperform MSSPC. For instance, if the abnormal
deviations are known a priori to always be very large mean shifts and lack autocorrelation, it may
be best to use the Shewhart chart instead of MSSPC. Similarly, if the abnormal deviations are
known a priori to always be very small shifts and lack autocorrelation, the EWMA chart is most
likely better. For detecting other types of features, special charts such as, CUSCORE (Box and
Ramirez, 1992) and spectral PCA may be designed. For many industrial applications, however,
the exact nature of abnormal deviations (such as scale, shape, magnitude, autocorrelation, etc.)
cannot be anticipated a priori. Furthermore, little or no annotated historical data may be available
for many abnormal conditions. In such situations, the performanceof existing SPC methods often
deteriorates rapidly for changesoutside their limited range of specialization. Consequently, it is
necessaryto have robust SPC methods that can do well on the averagefor detecting any type of
change, even though such methods may not be the best for any single type of change. In light of
these practical and industrially relevant facts, MSSPC is demonstrated to be a better and more
generalmethod for SPC of measurements with unknown and di�eren t typesof changes.

The remainderof this paper is organizedasfollows. A brief introduction to the relevant notation
and properties of wavelets is provided in the next section. After that, the methodology of MSSPC
and its relationship to existing SPC methods are described, followed by the average run length
analysis of univariate MSSPC. The ARL analysis includes comparison of the theoretically and
empirically derived ARL for MSSPC, and comparison with the ARLs of existing methods. ARL
analysis for multiv ariate SPC and comparisonwith SPC by PCA and dynamic PCA are presented
next. Subsequently, the properties of MSSPC and bene�ts over existing methods are delineated
via casestudies on data from industrial processes.Finally, a summary of this work and directions
for future research are presented.

Wavelets

A family of wavelet basis functions may be represented as

ψsu(t) =
1√
s
ψ

(

t− u

s

)

(1)

where s and u represent the dilation and translation parameters, respectively, and ψ(t) is the
mother wavelet. Application to discretesignalsrequiresdiscretization of the translation and dilation
parameters. It is common to discretize theseparametersdyadically as, s = 2m, u = 2mk, (m, k) ∈
Z2. Thesechoicesof s and u allow the wavelets to be orthonormal (Daubechies, 1988), but cause
a downsampling (dyadic reduction or decimation) in the number of wavelet coe�cien ts from one
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Figure 2: Extraction of deterministic changesby wavelet decomposition. (a) original signal,m = 0,
(b) wavelet coe�cien ts at m = 1, (c) wavelet coe�cien ts at m = 2, (d) wavelet coe�cien ts at
m = 3, (e) last scaledsignal coe�cien ts at m = 3, (f ) reconstructedsignalafter wavelet thresholding
(Donoho et al., 1995)

scaleto the next. Any signal can be decomposedinto its contributions from multiple scalesas a
weighted sum of dyadically discretized orthonormal basis functions.

y(t) =
L

∑

m=

N
∑

k=

dmkψmk(t) +
N

∑

k=

aLkφLk(t) (2)

where y is the vector of measurements, dmk represents the wavelet or detail signal coe�cien t at
scalem and location k, and aLk represent the scaledsignal or scaling function coe�cien t of φLk(t)
at the coarsestscaleL and location k. The scalingfunction or father wavelet, φmk captures the low
frequency content of the original signal that is not captured by wavelets at the corresponding or
�ner scales.An example of a wavelet decomposition is shown in Figure 2. In this case,the signal
is decomposedto a coarsestscalerepresented by L = 3. This decomposition is basedon the Haar
wavelet and corresponding scaling function which are de�ned as

ψ(t) =







1, 0 ≤ t < 1
2 ,

−1, 1
2 ≤ t < 1,

0, otherwise

φ(t) =
{

1, 0 ≤ t < 1,
0, otherwise

(3)

E�cien t methods have been developed for decomposing a signal on a family of wavelet basis
functions basedon convolution with the corresponding �lters (Mallat, 1989). The �lter coe�cien ts
for Haar scaling functions and wavelets are H = [ √


√

] and G = [ √


− √


] respectively. Filters
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for other wavelets have also been derived (Daubechies, 1988). The vector of coe�cien ts at scale,
m, are computed recursively as, dm = Gd m−1 and am = Ha m−1, with a0 = y. Thus, wavelet and
scaling function coe�cien ts at coarserscalesmay be computed by applying the H and G �lters to
the scaling function coe�cien ts at a �ner scale. These recursionsmay also be written as (Bakshi,
1998)

am = H my

dm = Gmy (4)

where, H m =
∏

m H and Gm = G
∏

m−1 H .
Orthonormal wavelets have found application in many data analysisand modeling tasks due to

their computational e�ciency , abilit y to compressdeterministic features in a small number of rela-
tiv ely large wavelet coe�cien ts, and abilit y to approximately diagonalizea variety of mathematical
operators. Theseproperties are illustrated in Figures 2 and 3. Figure 2 shows the wavelet decom-
position of the signal representing the drier cooling event in Figure 1b. The �ne scalefeatures are
captured by the large wavelet coe�cien ts in Figures 2b, c, and d, and the remaining coarsescale
features by the last scaledsignal in Figure 2e. Eliminating small coe�cien ts using thresholds and
reconstructing the signal results in a signal with lessrandom variation, as shown in Figure 2f. The
properties of such a wavelet thresholding approach have beenstudied extensively (Donoho et al.,
1995).

The abilit y of wavelets to decorrelate the data is depicted in Figure 3. The original signal, a
simulated nonstationary stochastic process,and its autocorrelation function are shown in Figure
3a. The wavelet coe�cien ts and corresponding autocorrelation functions shown in Figures 3b, c,
and d indicate that the coe�cien ts are approximately uncorrelated. The last scaledsignal in Figure
3e contains residual correlation, which may be further reduced by decomposing to coarserscales.
The varianceof the wavelet coe�cien ts at each scalevariesaccording to the power spectrum of the
original signal. Thus, the variance of the wavelet coe�cien ts and the last scaledsignal in Figures
3b, c, d, e, increaseswith decreasingfrequency. These properties form the basisof the multiscale
SPC method described in this paper.

The wavelet decomposition in Figures 2 and 3 downsamplesthe coe�cien ts at coarserscales
due to the dyadically discretized translation parameter, as shown in Figure 4a. A disadvantage of
using dyadically discretizedwavelets is that measurements at non-dyadic locations are decomposed
after a time delay. This delay increasesat coarserscales. Thus, as shown in Figure 4a, the �fth
measurement, x5 cannot be decomposedto obtain d16 until after after x6 is obtained, and to d28

only after x8 is obtained. This delay in decomposing the measurements causesa corresponding
delay in interpreting the measurements and extracting features. For example, if a mean shift
occurs at x5, it will not be detected at scalem = 1 without a delay of one sample(x5 to x6), and
at scalem = 2 without a delay of three samples(x5 to x8). This time delay also meansthat the
dyadically discretized wavelet coe�cien ts of translated signals are not related with each other in
the sameway as the translated signals(Mallat, 1989,Mallat and Zhong, 1992). Such a time delay
and lack of translational invariance are unacceptable for many pattern recognition, �ltering and
feature extraction tasks (Coifman and Donoho, 1995,Mallat and Zhong, 1992,Nounou and Bakshi,
1999).

A popular approach for eliminating this time delay is by using wavelets with a uniformly dis-
cretized translation parameter, u = k. This value of u results in wavelet decomposition with
uniform or integer discretization or without downsampling, as shown in Figure 4b. The wavelet
coe�cien ts are no longer orthonormal to each other. Consequently, the decorrelation abilit y is lost,
but the abilit y to compresschangesin a small number of large wavelet coe�cien ts is retained. This
overcompletewavelet representation is also referred to as the stationary wavelet transform (Nason
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Figure 3: Approximate Decorrelation due to Dyadic Wavelet Transform

and Silverman, 1995) or the translationally invariant wavelet transform (Coifman and Donoho,
1995). These wavelets are convenient for pattern recognition and for on-line multiscale methods
including the online MSSPC usedin this paper.

Multiscale Statistical Process Control

Metho dology

The methodology for univariate and multiv ariate multiscale statistical processcontrol (MSSPC)
is depicted in Figure 5 and Table 1. The measurements for each variable are decomposedon the
selectedfamily of wavelets. The resulting coe�cien ts at each scaleare monitored by the selected
control chart. Thus, for univariate SPC, the coe�cien ts at each scaleare subjected to a Shewhart
chart. For multiv ariate SPC, the coe�cien t matrix at each scaleis subjected to the selectedmulti-
variate monitoring method such as PCA or PLS. The detection limits at each scaleare determined
from the coe�cien ts at that scaleof data representing normal operation. Applying separatecon-
trol charts at each scalepermits identi�cation and selectionof the scalesor frequency bands that
contain the featuresrepresenting the current abnormal operation. The signal is reconstructed from
the wavelet and scalingfunction coe�cien ts larger than the limits at each scale,and the monitoring
method is applied again to the reconstructed signal. If linear methods are used for monitoring,
the control limits for the reconstructed signal can be determined from the limits or variance of the
selectedscales(Bakshi, 1998). This is becausethe wavelet decomposition decomposesthe variance
of the data to multiple scalesas,

X T X = (H LX )T (H LX ) + (GLX )T (GLX ) + . . . + (GmX )T (GmX ) + . . . + (G1X )T (G1X ) (5)
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Figure 4: Wavelet decomposition with (a) Dyadic, and (b) Integer discretization of translation
parameter.

W
X

SPC(X)^X̂
WT

SPC(G  X)
L

SPC(H  X)L

1SPC(G  X)

mSPC(G   X)

Figure 5: MSSPC Methodology (Bakshi, 1998)

If a nonlinear method is usedfor SPC, the detection criterion for the reconstructedsignal neednot
be a linear combination of the detection criteria at each scale. Consequently, it may be necessaryto
determine the detection criterion for the signal reconstructed from all combinations of scalesfrom
data representing normal operation, and stored for later use (Aradhye et al., 2000, 2001, Kano
et al., 2002).

The state of the processis determined by applying the adjusted detection limit to the recon-
structed signal. This last step of monitoring the reconstructed signal is essential for extracting the
relevant features and for quicker detection of processchanges. Without reconstructing the signal,
it is di�cult to ascertain whether a coe�cien t outside its detection limits is due to an outlier, a
sustained shift, return to normal operation, or a new shift. If the processonly experiencesmean
shifts then, like Shewhart charts, MSSPC may alsobe usedto detect a return to normal operation.
In this special case,the reconstruction step can expedite detection of return to normal operation.
However, MSSPC is meant to detect a much wider variety of changes,and its use for detecting a
return to normal operation from any change is not statistically valid. Most SPC charts, including
MSSPC, are hypothesistests designedto reject the null hypothesis(the normal state) basedon the
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Table 1: Pseudo-Code for MSSPC

[Class] = MSSPC(X, covw,meanw,MaxDepth, numPC)

1. FOR j = 1 : SignalLength,

(a) Extract matrix, X2 = X(j −WinLength : j, :), where,WinLength ≤ 2MaxDepth

(b) Determine limits for normal data at each scalefrom covw and meanw

(c) Decomposeeach column of X2 with selectedwavelet = X2w

(d) FOR i = 1 : MaxDepth

i. Transform X2w by applying selectedmodeling method to coe�cien ts at each scale
ii. Select coe�cien ts from transformed data that violate detection limits for trans-

formed data
iii. Determine coe�cien ts from X2w corresponding to limit violation in Step (d)(ii)

= X2wSelect

(e) END FOR

(f ) Repeat Steps(d), (i) - (iii) for last scaledsignal

(g) ReconstructX2wSelect using selectedwavelet = X2wR

(h) Determine mean, covariance and detection limit for reconstructed signal from selected
scalesand covw, meanw

(i) IF X2wR(j) > limit

i. Class = Abnormal

(j) ELSE

i. Class = Normal

(k) END IF

2. END FOR
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observations. Strictly speaking, for a theoretically valid detection of the return to normal state, it
is necessaryto designcontrol charts with each of the possibleabnormal states as the null hypoth-
esis,which can then detect the return to the normal processcondition as a rejection of thesenull
hypotheses. For most practical implementations, however, the a priori knowledge of all possible
deviations and their exact nature is not available from the normal processconditions. Often, very
little annotated historical data for abnormal situations are available. It is, therefore, a common
industrial practice to consider the processto be \not abnormal" for points that do not violate the
detection limit. Such points may be due to falsenegatives,return to normal operation, or a change
to a new processstate.

Illustration of Adaptiv e Nature of MSSPC

The MSSPC methodology and its features are illustrated by the simple univariate example shown
in Figures 6 and 7. These�gures usethe Haar wavelet. The data representing normal operation are
independent, identically distributed (I ID) Gaussianwith unit variance. The detection limits at each
scaleare determined from the normal data. In this case,the detection limits at each scaleare equal
for dyadically discretized wavelets, since the coe�cien ts are also uncorrelated with approximately
unit variance. For uniformly discretizedwavelets, the limits needto be adjusted to account for the
lack of downsamplingand autocorrelation in the coe�cien ts, asdiscussedin sections\In tegerversus
Dyadic Discretization" and \Uncorrelated GaussianProcesses".Abnormal operation is indicated in
Figure 6a by a meanshift of magnitude 5 betweensamples30 and 60. The results for the Shewhart
chart and MSSPC for this caseare shown in Figures 6a and 6b, respectively. MSSPC results in a
�ltered signal that mainly contains the feature representing abnormal operation. Furthermore, the
MSSPC detection limits change according to the nature of the signal and the scalesat which the
features are present.

The detailed steps in MSSPC at four time steps are shown in Figure 7. When the shift �rst
occurs at t = 30, it is detected only at the �nest scale,as shown in Figure 7b for t = 30. At each
point in time, scalesat which the wavelet coe�cien ts are outside their respective limits are selected

for signal reconstruction. The detection limit for the reconstructed signal is calculated basedon
the variance of normal data (zero-meanI ID Gaussianin this example) when reconstructed in the
exact same set of selectedscales. Since, at time t = 30, the shift is detected only at the �nest
scale, only the �nest scale coe�cien t is used to compute the reconstructed signal and detection
limit for the reconstructed signal. Variance of normal data, subjected to wavelet decomposition
and subsequent reconstruction with only the �nest scale, is used to set the detection limit at the
current time (t = 30). The reconstructed signal and the detection limit are shown in Figure 7f,
indicating that MSSPC detects the shift. The valuesof the limit and reconstructedsignal at t = 30
in Figure 7f form the corresponding points in Figure 6b. The plots for t = 34 depict the behavior
of MSSPC after the shift haspersistedfor sometime. Now, the shift is detectedby the wavelet and
scaling function coe�cien ts at the coarsestscalein Figures 7d and e. The detection limit at t = 34
is depicted by the circle in Figure 7f, and is determined basedon the variance of the normal data
at the selectedscales(m = 3). As the shift persists, it is detected only by the last scaledsignal.
The behavior of MSSPC when the processreturns to normal operation is shown by the plots at
t = 61 and t = 64. At t = 61, the last scaledsignal in Figure 7e continues to violate the detection
limit, but the change is picked up at the �nest scale,as shown in Figure 7b. The reconstructed
signal and limit at t = 61 con�rm that the processhas changedand may have returned to normal
operation. As the return to normal persists,the last scaledsignal continuesto be outside the limit,
but wavelet coe�cien ts at other scaleshelp in keeping the reconstructed signal within its limits.
Finally, the last scaledsignal also stops violating the detection limit. These �gures demonstrate
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Figure 6: (a) Shewhart chart, (b) MSSPC. Detailed �gures for obtaining each point on the recon-
structed signal and limits are shown in Figure 7.

the adaptive nature of MSSPC, the needfor the �nal wavelet reconstruction and �nal monitoring
step to expedite detection of changesand adaptation, as discussedearlier in this section. The large
library of �lters available to MSSPC and their relationship with existing methods is discussedlater
in this section.

In teger versus Dy adic Discretization

As discussedin the secondsection, the wavelet translation parameter may be discretizeddyadically
or uniformly. The type of discretization may be selectedaccording to the nature of the measured
data, and the objective of the SPC problem. Dyadic discretization permits the useof orthonormal
wavelets and approximate decorrelation of autocorrelated measurements, but intro duces a time
delay in detecting changesdue to a lag in the computation of the wavelet coe�cien ts. Uniform
discretization does not downsample the wavelet coe�cien ts and permits truly on-line SPC, but
the decorrelation abilit y and orthonormalit y are lost. Theseproperties and the averagerun length
analysis in this paper indicate that, in general, wavelets with uniform discretization are best for
on-line SPC of uncorrelated or moderately autocorrelated measurements, particularly for detecting
large shifts. If the measurements are highly correlated or non-stationary, it is best to usedyadically
discretizedwavelets. For small shifts, the performancewith dyadic or integer discretization is quite
similar.

For dyadic discretization, if the measurements representing normal processoperation are un-
correlated and Gaussian,the coe�cien ts at each scalewill also be uncorrelated and Gaussianwith
almost equal variance. If the normal data are autocorrelated, then the coe�cien ts of an orthonor-
mal wavelet decomposition at each scale will be approximately uncorrelated Gaussian, with the
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Figure 7: Illustration of MSSPC methodology. (a) original signal usedfor monitoring measurement
at selectedtime, (b), (c), (d) wavelet coe�cien ts at m = 1,2,3, (e) coe�cien ts for last scaledsignal,
m = 3, (f ) reconstructed signal (×) and detection limit (o) corresponding to selectedtime, and
plotted on Figure 6b.
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variance proportional to the power spectrum of the measurements in the corresponding frequency
band. Due to these properties, the limits at each scale for MSSPC with dyadically discretized
wavelets can be determined directly from the wavelet decomposition or power spectrum of normal
data.

For integer discretization, the variance of the coe�cien ts at each scaleis still proportional to
the power spectrum of the measureddata, but the detection limits needto be adjusted to account
for the increasein the number of coe�cien ts and for the autocorrelation betweenthem. Sincethe
total number of wavelet coe�cien ts is O(N × (L + 1)) for a decomposition depth of L and O(N )
data points, the integer or uniformly discretized wavelet transform may appear to achieve data
expansionrather than data compression.However, since the number of significant coe�cien ts for
detecting a changeremains small, data compressionis still achieved. As discussedin the previous
section, this overcomplete or redundant wavelet decomposition is popular for many tasks (Lang
et al., 1996,Malfait and Roose,1997,Nason and Silverman, 1995,Pesquetet al., 1996).

The increasein the number of coe�cien ts in the decomposedsignal requires the limit at each
scale to be larger than that for the original data to maintain equal false alarm rates. Di�eren t
approaches may be used to determine the detection limits for the wavelet and scaling function
coe�cien ts and the reconstructed signal to obtain the same false alarm rate. For example, the
wavelet and scaling function coe�cien ts may be subjected to smaller con�dence limits to be more
sensitive to changesin the signal, followed by a higher con�dence limit for the reconstructedsignal.
Based on Bonferroni's inequality, the relationship between the desired con�dence limit, C (e.g.
95%) for the reconstructedsignal, and the con�dence limit applied to the coe�cien ts at each scale,
CL, for a decomposition of depth L may be written as (Bakshi, 1998)

CL = 100− 1
L + 1

(100− C) (6)

This approach is used for the examples illustrating the ARL analysis of multiv ariate processes.
The autocorrelation in the coe�cien ts requiresfurther adjustment of the detection limits to obtain
the desired in-control run lengths. This adjustment is similar to that usedby SPC methods that
�lter the measurements such asMA, EWMA, and CUSUM (Montgomery, 1996). For the examples
in this paper, this adjusted detection limit is determined empirically, as discussedin the section,
\Uncorrelated GaussianProcess".

Relation with Existing Metho ds

The characteristics of MSSPC can be appreciated by comparing the �lters used by MSSPC with
those usedby existing SPC methods. The �lters usedby the simplest forms of Shewhart, EWMA,
MA and CUSUM charts, shown in Figure 8 (Hunter, 1986), indicate that these methods di�er
in the scaleat which they �lter the measurements, and the nature of the �lter. Shewhart, MA,
and CUSUM charts �lter the data at increasingly coarsescales. The scale of the EWMA �lter
is determined by the value of the �lter parameter, and that of the MA chart by the length of
the �lter window. These methods represent the measurements at a single �xed scale since the
size of the �lter does not vary, making them best for detecting changes that occur at a single
scale. Consequently, these methods are best for detecting changes that span only one scale or
range of temporal and frequency localization, since the �lter does not adapt to the scaleof the
signal features. Thus, Shewhart charts are best for detecting large and localized changes,while
CUSUM charts are best for detecting smaller coarsechanges. More advanced versions of these
charts aim to improve their performanceover a broader range of scalesby using nonlinear �lters.
For example,combined Shewhart-CUSUM charts (Lucas, 1982)represent the measurements at two
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Figure 8: Commonly UsedSPC Filters (Hunter, 1986)

scales- �nest and coarsest,while tabular and algorithmic CUSUM adjust the �lter length based
on the measurements.

The �lters available to MSSPC are of many di�eren t shapes, and include the �lters used by
many existing methods. The �lters available to MSSPC with Haar wavelets for a decomposition
depth of L = 3 are shown in Figure 9. The �lters are labeled by a 4-bit binary string to indicate
the coe�cien ts retained for reconstruction. For example, the combination 0100 corresponds to
reconstruction after retaining only the wavelet coe�cien t at m = 2 and the combination 1101

corresponds to the selectionof wavelet coe�cien ts at scalesm = 1,2 and the scaling coe�cien t at
m = 3. Comparison with Figure 8 reveals that these MSSPC �lters subsumethe �lters used by
Shewhart, MA and CUSUM charts. For example,the combination 1111 correspondsto a Shewhart
chart, the combination 0011 corresponds to an MA �lter of window size4, while the combination
0001 to a CUSUM window for a signal of length 8. The use of smoother boundary corrected
wavelets, such as Daubechies wavelets, approximates an EWMA �lter as one of the possiblecases
(Nounou and Bakshi, 1999). Thus, MSSPC can automatically specialize to a range of existing
methods dependingon the nature of the measurements and abnormal features. As describedearlier,
the example in Figure 7 shows that when the shift is �rst detected at scalet = 30, only the �nest
scalewas chosenfor reconstruction. This selection of scalescorresponds to the �lter represented
by the binary string 1000 in Figure 9. The scalesselectedat t = 34 correspond to the �lter 0011,
which is a mean�lter of length 4, and to 1001 at t = 61. Thus, the �lter selectedin MSSPC adapts
to the features in the developing signal.

MSSPC with dyadic discretization is also related to the approach of decorrelating the mea-
surements by taking their weighted or unweighted batch means (Runger and Willemain, 1995).
Batch meanscontrol charts select the window sizeaccording to the nature of the autocorrelation,
thus requiring a longer window with increasingcorrelation. Sincethe windows do not overlap, this
approach cannot detect a shift sooner than the window length. Unweighted batch meanswith a
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Figure 9: Filters available in MSSPC using Haar wavelets for L = 3
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window of dyadic length is equivalent to the last scaled signal from a Haar decomposition at a
depth equal to the base two logarithm of the batch meanswindow length. Thus, MSSPC using
Haar wavelets can subsumebatch meansof dyadic lengths. Unlike batch means,MSSPC also has
the wavelet coe�cien ts at �ner scalesavailable permitting quicker detection of changesthan a batch
meanscontrol chart, as illustrated in the next section.

Average Run Length Analysis of Univariate MSSPC

This sectioncomparesthe performanceof univariate MSSPCwith existing univariate SPC methods
for detecting a mean shift in uncorrelated and autocorrelated measurements. The average run
length (ARL) is the averagenumber of samplesrequired to detect a shift, and is determined both
theoretically and by Monte-Carlo simulation. The theoretical derivation of ARL for wavelets with
integer and dyadic discretization is presented in the Appendix. When the magnitude of shift is
zero, the corresponding ARL value indicates the probabilit y of false alarms, and is referred to as
the in-control run length. For the samein-control run length, it is desirableto have lowest possible
ARL valuesfor non-zeromeanshifts or other abnormal events. This approach provides a standard
way of comparing the relative performanceof di�eren t SPC techniques. When plotted against the
magnitude of the shift, the ARL curve is expected to be non-increasingand typically convergesto
the location of the mean shift as the magnitude of shift tends to in�nit y. For the examplesin this
paper, the mean shift is located at the �rst measurement. The Monte-Carlo simulation results are
generatedfrom at least one thousand realizations.

Uncorrelated Gaussian Pro cess

In this analysis, the measurements are consideredto be I ID Gaussianwith unit variance,

x(t) ∼ N (0,1) (7)

The performance of Shewhart and MA charts is compared with MSSPC with dyadic or integer
discretization. In each case, the parameters are selected to maintain approximately equal in-
control run lengths of 370 samples. MA charts are selectedfor comparison with MSSPC using
Haar wavelets, sinceboth methods use�lters of the sameshape.

For dyadically discretized wavelets, the ARL curves obtained from theory and simulation for
di�eren t depths of decomposition are shown in Figure 10. The ARL for a Shewhart chart and a
moving average chart with window of size 16 are also shown in Figure 10 for comparison. The
theoretical run lengths are determined basedon the assumption that the downsampledcoe�cien ts
are uncorrelated and Gaussianwith varianceequal to that of the original measurements. The close
match betweenthe theoretical and simulated curvescon�rms the validit y of the approach. Detailed
derivation of the theoretical approach is provided in Appendix A.1. With increasingdepth of the
wavelet decomposition, the abilit y of MSSPC-Dyadic to detect large shifts deteriorates due to the
increasing time delay in obtaining the wavelet and scaling function coe�cien ts at coarserscales,
as discussedthe previous section and illustrated in Figure 4a. The abilit y to detect small shifts
improves at greater depths due to a larger signal to noise ratio causedby a greater separation
between the stochastic variation and deterministic mean shift at coarser scales. Depending on
the selecteddepth of decomposition, the performanceof MSSPC tends to be better than that of
Shewhart charts for small shifts, and better than MA charts for large shifts.

The ARL plots for integer discretization shown in Figure 11 indicate better performancethan
that with dyadic discretization for detecting largeshifts. The improvement is particularly signi�cant
for larger depths of decomposition sincethe time delay causedby dyadic discretization causesmore
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Figure 10: ARL of MSSPC-Dyadic simulated, MSSPC-Dyadic theoretical, Shewhart, and MA
charts applied to univariate I ID GaussianProcessfor di�eren t depths of decomposition.

harm in detecting larger shifts. The ARL curvesfor a Shewhart chart and MA chart with window
of 16 samplesare also plotted in Figure 11. The theoretically computed ARL for MSSPC with
integer discretization is shown in Figure 12 for depth of L = 1, and indicates a good match with
the empirical values. The theoretical analysis of Appendix A.1 cannot be accurately applied to
MSSPC with integer discretization since the assumption of uncorrelated coe�cien ts is violated.
However, this correlation can be modeled as a Markov chain, and a theoretical method for ARL
may be derived as shown in Appendix A.2. This approach usesnumerical integration to compute
the probabilit y of detection in terms of the magnitude of the shift and the number of time steps
passedsincethe introduction of the shift. Theseprobabilities are then used to derive the value of
the averagerun length. Detailed derivation of ARL values for a two-scalewavelet decomposition
with Haar wavelets for this signal is provided in Appendix A.2. The procedureis generaland can
be extendedto multiple scalesand other wavelets. The computation cost for numerical integration,
however, increasesexponentially with the depth of wavelet decomposition.

Since the number of coe�cien ts from the uniformly discretized wavelet decomposition is more
than the number of samplesin the original signal, the con�dence limit at each scaleis increased
by using Equation (6). The lack of downsampling also results in autocorrelated coe�cien ts at
each scale,requiring further adjustment in the limits to obtain the desired in-control run lengths.
The adjusted limits are determined by simulating the run length for di�eren t limits at each scale.
The limit corresponding to the desiredrun length is then determined by interpolation betweenthe
simulated values. The resulting limits at each scalefor di�eren t decomposition depths are shown
in Figure 13. Theselimits provide an in-control run length of 370for the �nal reconstructedsignal.

Comparison of the ARL curvesfor MSSPC-dyadic, MSSPC-integer, MA, and Shewhart charts
in Figures 10 and 11 indicates that no single method performs best for all shift sizes. Thus, if the
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Figure 11: ARL of MSSPC-Integer simulated, Shewhart, and MA charts applied to univariate I ID
GaussianProcessfor di�eren t depths of decomposition.
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objective of SPC is to detect only small shifts, it is best to use a MA control chart. Similarly, if
the objective is to detect only large shifts, it is best to usea Shewhart chart. Other methods such
as CUSCORE charts (Box and Ramirez, 1992), can be tailored to detect speci�c changeswhose
nature is known beforehand. We note again that in most practical problems, it is impossible to
predict the type or extent of changedue to abnormal operation, henceour interest in MSSPC. For
such problems, MSSPC is more appropriate due to its abilit y to adapt for detecting a wide variety
of shifts and signal features.

The capacity of MSSPC to adjust to a given situation is illustrated in Figure 14 which shows
the mean-squareerror (MSE) for classifyinga meanshift of di�eren t sizes.The shift persistsfor 50
samples,and is surrounded on both sidesby 50 sampleseach of normal data, as shown in Figure
14a. Similar to the ARL analysis, the MSE analysis from Figure 14b shows the MSSPC approach
to be robust over a wide range of shift magnitudes. AverageMSE valuesfor all shifts in Figure 14
are smallest for MSSPC-Integer over the range of mean shifts considered.

Stationary Auto correlated Pro cess

Many methods have been devised for SPC of autocorrelated measurements (Montgomery, 1996,
Wardell et al., 1994). If a time-series model of the measurements is available, it can be used
to decorrelate the measurements. The residuals will be approximately uncorrelated, and may be
monitored by existing SPC methods (Harris and Ross,1991). Sincetime-seriesmodelsmay not be
readily available and are often not practical to use, other methods that do not require an explicit
time-seriesmodel of the measurements have been developed for decorrelating the measurements.
These methods include batch means control charts (Runger and Willemain, 1995) and moving
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Figure 14: Mean-squareerror for classi�cation by MSSPC-Integer, Shewhart, and MA charts for
I ID Gaussian processwith mean shift. Total MSE for all shifts is 7.1722× 10−3 for Shewhart,
4.2808× 10−3 for MA, and 3.4099× 10−3 for MSSPC-Integer.

center line EWMA (MCEWMA) (Mastrangeloand Montgomery, 1995). Batch meanscontrol charts
decorrelatethe data by taking the averageof the measurements in non-overlapping windows. The
window sizeis selectedsuch that the meansin each window areuncorrelated. Thus,morecorrelation
will require a longer window size. Weighted batch means(WBM) determine the weights basedon
knowledge of the autocorrelation, while unweighted batch meansuse equal weights regardlessof
the type of correlation. Signi�cant limitations of this approach are that it cannot detect a shift
sooner than the window length, and the window size may have to be determined empirically. As
given by Equation (4), the wavelet decomposition approach also takes a weighted mean of the
measurements. However, MSSPC doesbetter than the batch meansapproach sinceMSSPC �lters
the data over multiple windows of dyadic length, while batch meansusesa �lter of a �xed length.
This multiscale nature of MSSPC allows it to detect shifts of di�eren t sizesmore e�ectiv ely than
the batch meansapproach. MCEWMA �ts an EWMA to the measurements to minimize the one-
step ahead prediction error, and is ideal for decorrelating IMA stochastic processes.It has also
beenapplied to other typesof autocorrelated processes(Mastrangelo and Montgomery, 1995). As
illustrated by the examples in this section, MCEWMA does not perform as well as MSSPC for
other typesof stochastic processes.

The ARLs for the following AR(1) process,

x(t) = 0.5x(t − 1) + ε(t) (8)

for di�eren t depths are shown in Figure 15 basedon Monte-Carlo simulation and the derivation
presented in Appendix A.1. The x-axis plots the ratio of the magnitude of the mean shift, µ, to
the standard deviation, σ, of the noise, ε(t). The match between the analytical and Monte-Carlo
results is not as good as that for MSSPC of uncorrelated data shown in Figure 10. This is because
the assumptionof uncorrelated coe�cien ts at each scaleis not asvalid as for uncorrelated measure-
ments. The match betweentheory and simulation is likely to bebetter for smoother waveletsdue to
their better abilit y to decorrelatethe measurements. Furthermore, the match betweentheory and
experiment deteriorates with increasingdepth, sincethe assumption of uncorrelated coe�cien ts is
lessaccurateat coarserscales.Figure 15 also shows the ARL of SPC residualsand weighted batch
meanscharts (Runger and Willemain, 1995). Theseresults indicate that WBM doeswell only for
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Figure 15: ARL curves for MSSPC-Dyadic simulated, MSSPC-Dyadic theoretical, residuals, and
weighted batch meanscharts for AR(1) processgiven by Equation (8). Pleasenote that σ refers to
the standard deviation of the white generating noiseε(t).

small shifts, while residual charts work well only for very large shifts. On the average,MSSPC with
dyadic discretization works quite well, particularly for small L.

Figure 16 depicts the ARL for an AR(1) processgiven by

x(t) = 0.9x(t − 1) + ε(t) (9)

The high degreeof autocorrelation in this stochastic processmakesit more di�cult to detect shifts.
This �gure comparesthe ARL of MSSPC-Dyadic with that of WBM, and MCEWMA control charts.
WBM does well for detecting small shifts, but deteriorates quickly for larger shifts. MCEWMA
doesbetter than WBM only for the largest shift. MSSPC-Dyadic doesworsethan WBM for small
shifts, but doessigni�cantly better than the other two approaches for larger shift sizes. The time
delay due to downsampling is made up to a certain extent by the easier detection of shifts in
uncorrelated coe�cien ts.

Non-stationary Pro cess

Nonstationary stochastic processespresent special challengesfor SPC, since their mean tends to
change over time. The ARL performanceof MSSPC and MCEWMA are compared in Figure 17.
In this case,the stochastic processis IMA(1,1) given by,

x(t) = x(t− 1) + ε(t) − 0.5ε(t − 1) (10)

which canbemodeledoptimally by EWMA. Using waveletswithout downsampling is not feasiblefor
SPC of such nonstationary measurements, sincethe high autocorrelation in the non-downsampled
wavelet coe�cien ts increasesthe rate of falsealarms for the samefault detection abilit y.
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Figure 16: ARL curves for MSSPC-Dyadic, WBM, and, MCEWMA charts for an AR(1) process
given by Equation (9)

Figure 17 shows that for small shifts, the performanceof MCEWMA and MSSPC-Dyadic are
equivalent, but MCEWMA performsbetter for detecting largeshifts. The superiorit y of MCEWMA
for this type of stochastic processis due to it being the optimal approach for decorrelating an
IMA(1,1) time series. A mean shift in an IMA(1,1) processappears as a spike of very small
duration in the decorrelatedresiduals(Wiel, 1996). The MSSPC-Dyadic approach may easily miss
this spike, even when it is large, due to the downsampling of the wavelet coe�cien ts. Furthermore,
the mean shift cannot be detected in the coe�cien ts of the last scaledsignal due to the residual
autocorrelation and extremely large detection limits. The extremely localized nature of the spike
indicates that a Shewhart chart on uncorrelated data should work best, which is essentially the
approach usedby MCEWMA. ARL for other approachessuch as CUSUM, EWMA, and Shewhart
charts on residuals are presented in (Wiel, 1996). These are not compared in Figure 17 since
MCEWMA is the best approach for the IMA(1,1) process.

Average Run Length Analysis of Multivariate MSSPC

The general framework of MSSPC shown in Figure 5 may be used to transform any existing
multiv ariate SPC method into a multiscale approach. This section focuseson multiv ariate SPC
usingPCA and dynamic PCA (DPCA). PCA hasbeenpopular for processmonitoring sinceit allows
extensionof the principles of univariate statistical processmonitoring to multiv ariate processesby
capturing a large number of related measuredvariables in a small number of uncorrelated principal
component scores(Jackson, 1990,Kresta et al., 1991). The T 2 plot monitors the spaceof selected
principal components, whereasthe Q plot monitors the residual space. The detection limits are
basedon the assumption of I ID Gaussiandata, or are found empirically.
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Figure 17: ARL of MSSPC-Dyadic and MCEWMA for an IMA(1,1) processgiven by Equation
(10)

Multiv ariate monitoring by MSPCA operates on the coe�cien t matrix at each scale using
conventional PCA (Bakshi, 1998). Each column of the data matrix is decomposedby the selected
wavelet, and T 2 and Q plots are developed for the coe�cien ts at each scale. Since the wavelet
transform is a linear operation, MSPCA preserves the modeling qualities of PCA and does not
a�ect the eigenvectors or eigenvalues of the original matrix. The covariance of the data matrix is
decomposedaccording to Equation (5).

Many extensionsand variations of PCA have beendeveloped for dealing with various practical
situations. A common approach for monitoring autocorrelated measurements is by DPCA (Ku
et al., 1995,MacGregor, 1994). DPCA augments the data matrix by laggedvariables to implicitly
�nd the time-seriesmodel between the lagged and other variables. However, the autocorrelation
within each variable still remains. Multiv ariate EWMA has also beenapplied to the selectedprin-
cipal component scoresto bene�t from the dimensionality reduction and to improve the detection
of small shifts (Scranton et al., 1996). A rigorous ARL analysisof PCA and its many variations is
usually not available. This section studies the properties of PCA, DPCA, and MSPCA basedon
simulated uncorrelated and autocorrelated data.
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Uncorrelated Measuremen ts

This exampleconsidersthe linear uncorrelated multiv ariate processmodeled as (Bakshi, 1998),

x1(t) ∼ N (0,1)

x2(t) ∼ N (0,1)

x3(t) =
x1(t) + x2(t)√

2

x4(t) =
x1(t) − x2(t)√

2

Y (t) =









x1(t)
x2(t)
x3(t)
x4(t)









+ 0.2ε(t) (11)

The data matrix, Y , for normal operation is generatedasabove, while that for abnormal operation
is generatedby adding a mean shift of various sizesto xi(t), i = 1, . . . ,4. Both, PCA and MSPCA
select two principal components for the T 2 plots. A run is terminated if there is violation of the
limits in either of the T 2 or Q plots. The ARL curves for both methods shown in Figure 18
indicate that the behavior of PCA and MSPCA-In teger is analogousto that of Shewhart chart and
MSSPC-Integer shown in Figure 11. Similar to the univariate uncorrelated case,MSPCA-In teger
shows improvement over PCA for this multiv ariate process,particularly in detecting small shifts.
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Auto correlated Measuremen ts

This sectionpresents ARL analysisof the following multiv ariate time-seriesmodel (Ku et al., 1995),

z(t) =
[

.118 −.191

.847 .264

]

z(t− 1) +
[

1 2
3 −4

]

u(t− 1)

y(t) = z(t) + v(t)

u(t) =
[

.811 −.226

.477 .415

]

u(t− 1) +
[

.193 .689
−.320 −.749

]

w(t− 1) (12)

The data matrix for steady-state PCA is [u(t) y(t)], while that for dynamic PCA is [u(t) u(t −
1) y(t) y(t − 1)]. Following Ku et al., two principal components are selectedfor steady-state PCA,
and seven for DPCA. Data representing abnormal operation are generatedby introducing a shift
in u. The ARL analysis for this processusing MSPCA-Dyadic is shown in Figure 19 and using
MSPCA-In teger in Figure 20. Both �gures include ARL plots for PCA and DPCA. For all methods,
a run is terminated when either the T 2 or Q plot violates its detection limit.

These�gures indicate that DPCA doesperform better than PCA, particularly for detecting large
shifts in the mean. Both, MSPCA and MSDPCA with dyadic discretization do well for detecting
small shifts, but not as well as PCA or DPCA for detecting large shifts. Their performance for
detecting large shifts deteriorates due to the delay introduced by downsampling. These results
are comparable to those for univariate MSSPC by Shewhart chart and MSSPC-Dyadic shown in
Figure 10. MSPCA and MSDPCA with integer discretization do better for small shifts than their
single-scalecounterparts. In fact, MSDPCA-In teger shows the best performancefor all shift sizes,
since it bene�ts from extraction of the dynamic model by DPCA, and quicker detection by the
multiscale approach.

Industrial Case Studies

This section demonstrates the application and performance of the SPC methods studied in this
paper to univariate and multiv ariate data obtained from a petrochemical process. The data are
provided by the Abnormal Situation Management Consortium. Sinceit is not possibleto perform
ARL analysis on industrial data, the performanceof various methods is comparedby plotting the
empirical receiver-operating characteristic (ROC) curves for each example. This is a plot of the
true positive rate (TPR) versusthe false positive rate (FPR), and is commonly used to compare
the performance of classi�cation methods. For a given set of data, the TPR and FPR may be
obtained empirically by applying each method to the data for di�eren t setsof thresholdsand other
parameters. As is common in industrial practice, TPR is the fraction of points for which the
detection limits are violated in the region where abnormal operation is known to be present. FPR
is the fraction of points for which the limits are violated in the region where normal operation
is known to be present. For each example, the region of abnormal operation is determined via
operator input.
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Figure 19: ARL of PCA, DPCA, MSPCA-Dyadic and MSDPCA-Dyadic for a multiv ariate corre-
lated time seriesgiven by Equation (12)
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Univ ariate Pro cesses

The univariate measurements analyzed in this section represent malfunctions in the charge gas
drier unit and due to oil accumulation. Both events exhibit very small levels of noise relative to
the magnitudesof the events. This facilitates localizing the onsetand end times for faulty behavior
by operator annotation and manual inspection of data. Unlike the previous examplesof simulated
data containing step changesonly, this industrial data-set contains other types of changesin the
measurements. As illustrated by these examples,since practical data usually contain changesof
di�eren t sizesand shapes, MSSPC is ideally suited for detecting abnormal operation from such
data.

Charge Gas Drier Cooling. Measurements under normal and drier cooling conditions are shown
in Figure 1. Since the normal data has much lessvariation than the abnormal measurements, it
is possiblefor plant personnelto identify the onset and end of the drier cooling event at 100 and
666 time units respectively, as shown in Figure 21. The thresholds for the Shewhart, MA, and
MSSPC charts were determined empirically to obtain approximately the samerate of falsealarms
of 1% on the normal data. The large sudden change at the start of the abnormal operation is
ideally suited to detection by a Shewhart chart. As shown in Figure 22, a Shewhart chart performs
slightly better than MSSPC which does better than MA for identifying the starting point of the
fault. In contrast, it is more di�cult for the Shewhart chart to detect the slow ramp near the end
of the abnormal event. As shown in Figure 22, MSSPC is the best method for detecting abnormal
behavior during the slow ramp event, with the Shewhart chart providing the worst performance.
Since the change is slow and occurring at a coarsescale, it is di�cult to detect only from the
magnitude of the measurements, but is easierto detect basedon the slope of the signal. MSSPC is
particularly good for detecting such changessince the wavelet coe�cien ts correspond to the local
slope of the measurements, and capture the behavior at multiple scales.Consequently, MSSPC is
the only method that detects abnormal operation between samplesat 655 and 666, as shown in
Figure 22.

The overall performanceof Shewhart, MA and MSSPC over the entire signal are comparedby
plotting the ROC curve for each method, as shown in Figure 23. The points represent empirically
determined values, while the curves are their least squarespolynomial �ts. These graphs clearly
show the overall superiorit y of MSSPC for detecting the abnormal event since the MSSPC curve
shows a higher rate of detecting true positives for the samerate of falsepositives.

Sensor Malfunction due to Oil Accumulation. This example analyzesa sensorfailure due to
oil accumulation. The di�erence betweenthe readingsof a faulty sensorand a coupled redundant
sensoris shown in Figure 24. The abnormal event is indicated by a change in the frequency and
amplitude of the measurements between 720 and 827 time points. The small oscillations make it
di�cult to detect the beginning of this fault by any of the methods usedin this paper. Onceagain,
the rate of falsealarms was maintained equal for all methods to approximately 1%. As illustrated
in Figure 25, the MA chart results in the worst performancefor detecting this event. MSSPC and
Shewhart charts show similar performance. The ROC curves for this event, shown in Figure 26,
con�rm that MA charts have the worst performance,with Shewhart and MSSPC charts performing
similarly.

Multiv ariate Pro cess

This case study applies PCA and MSPCA-In teger to detecting a disturbance in furnace feeds
extracted from a real petrochemical process.Normalized sensorreadingsfor 10 furnace feedsensors
are usedas test data, and are presented in Figure 27. The event beganat approximately t = 108.
The detection performancepresented in Figure 28 shows that MSPCA detects the event slightly
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Figure 21: Onset and End of the Drier Cooling Event
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and MSSPC charts.
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Figure 26: Receiver-operating characteristic curvesfor the oil accumulation event using Shewhart,
MA and MSSPC charts.
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Figure 27: Test Data for Furnace FeedDisturbance Detection

earlier than PCA and continues to detect it with its Q value well above the detection limits. The
ROC curves for this fault, shown in Figure 29, indicate that MSPCA performs better than PCA,
particularly for small falsepositive rates. For larger falsepositive rates, MSPCA is slightly better
or comparable. Additional applications to simulated and industrial data are described in (Bakshi,
1998,Aradhye et al., 2000,2001,Kano et al., 2002).

Conclusions and Discussion

The multiscale approach studied in this paper is ideal for SPCof measurements that contain features
with di�eren t localization in time or frequency and where the nature of the features is not known
a priori. Examplesof such featuresinclude deterministic changeswith di�eren t temporal duration,
and stochastic variation with changing intensity over frequencyor time. MSSPCexploits the abilit y
of wavelets to compressdeterministic features at all scalesto a small number of relatively large
coe�cien ts. It adapts to features at di�eren t scalesby focusing only on those scalesthat contain
coe�cien ts outside the detection limits at each scale. The value of the detection limits at each scale
dependson the nature of the temporal correlation in measurements representing normal operation.
MSSPC adjusts the nature of the �lter applied to the measurements as well as the detection limits
for a selectedcon�dence limit according to the scaleof the abnormal feature. Thus, MSSPC can
specialize to many existing SPC methods including Shewhart, MA, CUSUM, and EWMA charts
depending on the scaleof the abnormal feature and the selectedwavelet.

Two variations of MSSPC are studied in this paper depending on how the wavelet translation
parameter is discretized. If the translation parameter is discretizeddyadically, then the coe�cien ts
are downsampled at each scale. This permits the use of orthonormal wavelets, and approximate
decorrelation of autocorrelated measurements, but introducesa time delay in obtaining the coef-
�cien ts and detecting some changes. If the translation parameter is discretized uniformly, then
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Figure 28: Performanceof T 2 andQ plots of PCA and MSPCA-In teger for monitoring multiv ariate
industrial data
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there is no downsampling of the coe�cien ts. This permits on-line decomposition without delay
while retaining the compressionabilit y, but the wavelets are not orthonormal, and the coe�cien ts
are autocorrelated. ARL analysis shows that MSSPC with dyadic discretization performs well for
detection of shifts from highly autocorrelated or nonstationary measurements sincethe bene�ts of
decorrelation outweigh the delay due to downsampling. If the measurements are uncorrelated or
only moderately correlated, the bene�ts of decorrelation are not as signi�cant, and it is better to
decreasethe time delay in detecting a change. In such situations, it is better to useMSSPC with
uniform or integer discretization of the wavelet translation parameter.

Comparison of the averagerun lengths with existing methods for univariate and multiv ariate
SPC indicates that MSSPC does not perform better than methods specially designedto detect
speci�c types of changes. For example, Shewhart charts are best for detecting large shifts, while
MA or EWMA charts are best for detecting small shifts of a certain size. For changesother than
meanshifts such as spectral changes,Shewhart, MA or CUSUM charts may not perform as well as
MSSPC. However, other methods such as CUSCORE (Box and Ramirez, 1992) and spectral PCA
can be tailor-made for detecting such changes. These methods are not adaptive or general, and
do very well only for the type and magnitude of change they are designedto detect. In contrast,
MSSPC is a general method that exhibits better average performance in detecting a range of
changesin di�eren t types of measurements. Since the nature of the change is unknown for most
industrial processes,MSSPC seemsto be ideal for such systemsas demonstrated by the industrial
applications in this paper and others (Aradhye et al., 2001). Furthermore, MSSPC can easily deal
with autocorrelated measurements and multiv ariate problems. The MSSPC methodology can also
be usedto transform any single-scaleprocessmonitoring method to its multiscale version(Aradhye
et al., 2000,Kano et al., 2002).

In addition to developing multiscale forms of other processmonitoring methods, there are many
other areasof on-going and future work. The tuning parameters in MSSPC include the depth of
decomposition and type of wavelet. The depth is selectedmanually, but it is expected that this
selection may be automated. This paper has only focusedon the use of Haar wavelets, but the
approach may easilybeusedwith other typesof wavelets. The useof smoother, boundary-corrected
wavelets may provide better performance than Haar wavelets due to better feature extraction
and decorrelation abilities. Furthermore, extension to libraries of basis functions such as, wavelet
packets may permit MSSPC to automatically select the best family of basis functions from the
library (Bakshi, 2002). MSSPC may also be extended to identi�cation of the root causesof the
abnormal operation. Sinceprocessoperation involvesmaking decisionsat di�eren t time scales,the
multiscale approach may also permit integration of various operation tasks. Research on theseand
related topics will be the subject of future publications.
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Appendix A: Analytical Derivation of ARL Curve

Consider an I ID Gaussianprocess,X with mean 0 and standard deviation σ. If it undergoes a
mean-shift of magnitude δ at time k = 1 then the variablesX[k], k = 2,3, . . . ,∞ are I ID Gaussian
variables with mean δ and standard deviation σ. The probabilit y of not detecting this shift with a
Shewhart chart using limits [−η η] is,

β = P{−η ≤ X ≤ η}

=
∫ η

−η
f (x− δ, σ)dx

= �( η − δ) − �( −η − δ) (13)

where,

f (x, σ) =
1

σ
√

2π
exp−

1

2
( x

� )2

and � is the standard normal cumulativ e distribution function. The ARL is then (Montgomery,
1996),

ARL =
∞
∑

k=1

kβk−1(1 − β) =
1

1− β
(14)

A.1 ARL with Dy adic Discretization

This derivation is for MSSPC with Haar wavelets. It assumesthat the wavelet and scalingfunction
coe�cien ts from a wavelet decomposition are completely uncorrelated. Since Haar wavelets and
scalingfunctions have a support of 2m, at scalem, a meanshift can appear only in the �rst wavelet
coe�cien t at each scaleafter the shift. Subsequent wavelet coe�cien ts are not a�ected by the shift,
and are statistically similar to wavelet coe�cien ts for I ID Gaussian data. A mean shift of size
δ located at the secondmeasurement gets scaledto δ/2m/2 in the �rst wavelet coe�cien t at any
scale. The �rst coe�cien t of the last scaledsignal becomesδ(2L−1)/2L/2 and the other coe�cien ts
becomeδ2L/2. This di�erence between the change in the �rst and other coe�cien ts is su�cien tly
small to be ignored in the derivation.

The probabilit y of not detecting the shift in the �rst wavelet coe�cien t at scalem may be
written as

βm = �
(

η − δ

2m/2

)

− �
(

−η − δ

2m/2

)

(15)

The probabilit y of not detecting the shift in wavelet coe�cien ts other than the �rst one is denoted
asβ0, and is given by Equation (A.1c), which is the sameas the probabilit y of not detecting a shift
in I ID Gaussianmeasurements.
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For a decomposition of depth, L, the probabilit y of not detecting a shift in any scaledsignal
coe�cien t is,

βL = �
(

η − δ2L/2
)

− �
(

−η − δ2L/2
)

(16)

By using equation (A.4) for all the scaledsignal coe�cien ts, the slight di�erence betweenthe size
of the shift in the �rst coe�cien t versusothers is being ignored.

The ARL for MSSPC-Dyadic with L = 1 is determined as follows.

ARL1 =
(

1− β1β1

)

+3β1β1

(

1− β0β1

)

+5β1β0β
2
1

(

1− β0β1

)

+ . . .

(17)

The �rst term in Equation (A.5) is the probabilit y of detecting the shift in the �rst wavelet or
scaling function coe�cien t. The secondterm represents the probabilit y of detecting the shift in
the secondwavelet or scaling function coe�cien t knowing that there was no detection in the �rst
wavelet or scaling function coe�cien ts, and so on. Equation (A.5) can be written as,

ARL1 = (1 − β1β1) + (1 − β0β1)β1β1

∞
∑

k=1

(2k + 1)(β0β1)k−1

= 1 +
2β1β1

1− β0β1

(18)

Similarly, for L = 2, the ARL may be written by referring to two scalesin Figure 4a as,

ARL2 = (1 − β1)
+3β1(1 − β0β2β2)
+5β1β0β2β2(1 − β0)
+7β1β

2
0β2β2(1 − β2

0β2)
+9β1β

4
0β2β

2
2(1 − β0)

+11β1β
5
0β2β

2
2(1 − β2

0β2) + . . .

(19)

which may be simpli�ed to,

ARL2 = 1 + 2β1 +
2β0β1β2β2(1 + β0)

1− β3
0β2

(20)

Similarly, the ARL for L = 3 is,

ARL3 = 1 + 2β1 + 2β0β1β2 + 2β2
0β1β2 +

2β4
0β1β2β3β3(1 + β0 + β3

0 + β4
0 )

1− β7
0β3

(21)

In general,the equation for the ARL for MSSPC-Dyadic at any depth of decomposition may be
written from the wavelet decomposition diagram for that depth. Figure 27 shows the probabilit y
of not detecting the shift for each wavelet and last scaledsignal coe�cien t for L = 1 and L = 3.
The �rst term in ARLL in Equations (A.6b), (A.8) and (A.9) is always 1. Each of the next 2L−1

terms is obtained by traversing the grid in time until the �rst βL is reached. Each term is 2 times
the product of all the β's up to the time point. For example, the fourth term in Equation (A.9) is
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x1 x2 x3 x4 x5 x6

β1 β0 β0

β1 β1 β1

(a)

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13 x14 x15 x16

� 1 � 0 � 0 � 0 � 0 � 0 � 0 � 0

� 2 � 0 � 0 � 0

� 3 � 0

� 3 � 3

(b)

Figure 30: Dyadic discretization grid for ARL equations. (a) Grid for obtaining Equation (A.6b)
for L = 1, (b) Grid for obtaining Equation (A.9) for L = 3.

corresponds to x6 in Figure 27b and is two times the product of β1, β2, and the two β0's at scale
m = 1. The last term in the ARL equation may be written as,

2β2L −L−1
0 βL

∏L
i=1 βi

1− β2L −1
0 βL



1 +
2L � 1−1
∑

k=1

β
� k

j =1
ζ(j)

0



 (22)

where,

ζ(j) =







1 if j is odd
1 + log2(j) if j is dyadic
1 + log2

(

j − 2blog2(j)c) if j is even but non-dyadic
(23)

ARL results basedon this theoretical approach are compared with those from Monte-Carlo sim-
ulation in Figures 10 and 15 for uncorrelated and autocorrelated measurements. These results
show a good match betweentheoretical and simulated results for uncorrelated measurements. For
autocorrelated measurements, the assumption of uncorrelated wavelet coe�cien ts is lessaccurate,
and the match betweenthe theoretical and simulated results deteriorates slightly as shown in Fig-
ure 15. The theoretical ARL tends to be smaller than the simulated ARL. The reason for this
underestimation is discussedin Appendix A.2.

A.2 ARL with In teger Discretization

When integer discretization is used,wavelet coe�cien ts are not downsampled. As in the previous
section,considera zero-meanGaussianrandom processX[k] with a meanshift of sizeδ intro duced
starting from time-step k. Thus, X[0] is a random variable with mean 0, whereasX[k], k > 0 are
I ID random variables with mean δ.
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Let the event that the shift is missedat time k > 0 be denoted asEk. The runlength (RL) is
the time-step at which the fault is �rst detected. Thus, we have,

P (RL = k) = P (Ek, Ek−1, Ek−2, . . . , E2, E1) (24)

The a priori probabilit y of the event Ek be β[k]. Note that the notation βm used in the previous
section denotes the probabilit y of the shift being missed at scalem, where as the notation β[k]
used here is the overall probabilit y of the shift being missed at time k. Given the number of
scaleschosenfor wavelet decomposition, L, this probabilit y is a function of the distributions of the
variablesX[k− 2L + 1], X[k − 2L + 2], . . . , X[k]. This implies that β[k] is constant for k ≥ 2L. Let
us chooseL = 1 for the sake of this derivation. In that case,let p1 denote β[1] and let p2 denote
β[k], k > 1.

Sincethe wavelet decomposition without downsampling is not orthogonal, the events Ek are, in
general,not independent unlike the previous section. Let us �rst derive an expressionfor the ARL
assumingindependenceof theseevents.

For k > 1,

P (RL = k) = P (Ek, Ek−1, Ek−2, . . . , E2, E1)
= P (Ek) × P (Ek−1) × P (Ek−2) . . . P (E2) × P (E1)
= (1 − p2)pk−2

2 p1

(25)

For k = 1, P (RL = k) = (1 − p1).
The ARL, which is the expected value of the random variable RL, can be derived similar to

Equation A.5 as,
ARL1 =

∑∞
k=1 k × P (RL = k)

= (1 − p1) +
∑∞

k=2 k × (1 − p2)pk−2
2 p1

= (1 − p1) + p1
2−p2

1−p2

(26)

Let E represent the MSSPC discrete decision function. SinceL = 1, E is a function only of
{X[k − 1], X[k]} at time k. If the values of the measurements were a and b at times k − 1 and k
respectively, and the shift was not detectedat time k then, we have E(X[k−1] = a,X[k] = b) = 1.
The value for E(X[k − 1] = a,X[k] = b) = 0 if the shift was detected at time k. Given the values
of the detection thresholds for the wavelet coe�cien ts at each scale,as well as the thresholds for
the reconstructed signal, E is a deterministic function in two dimensions. We have,

p1 =
∫ +∞

−∞

∫ +∞

−∞
E(x0, x1)f (x0, σ)f (x1 − δ, σ)dx0dx1 (27)

Similarly,

p2 =
∫ +∞

−∞

∫ +∞

−∞
E(x1, x2)f (x1 − δ, σ)f (x2 − δ, σ)dx1dx2 (28)

The terms p1 and p2 are computed by numerical integration using the above formulation. Our
ongoingwork has focusedon deriving closedform expressionsfor the above probabilities, although
it is beyond the scope of this work.

The ARL values tabulated in Table 2 show that the assumption of the events Ek being in-
dependent is not valid except for large shifts. The ARL estimates from the above analysis are
compared to those generatedfrom Monte Carlo simulations. For each experiment, the runlengths
for simulated data were averagedover 100,000instances. As the shift magnitude increasesfrom
small to medium, the signal to noise ratio increases. As a result, the detection probabilities are
more correlated. This is re
ected in the increasedrelative error in ARL estimates. For large shifts,
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Table 2: Theoretical ARL Estimation with AssumedIndependenceof Detection Probabilities (Eq.
A.13)
Shift Size(δ) Experimental ARL Theoretical ARL Percent Error
0 2937.1 2840.9 3.2756
1 115.05 101.85 11.483
2 8.1691 6.5034 20.390
3 2.5130 2.3066 8.2124
4 1.7087 1.6954 0.7836

Table 3: Theoretical ARL Estimation with 1-step Markov Model for Detection Probabilities (Eq.
A.19)
Shift Size(δ) Experimental ARL Theoretical ARL Percent Error
0 2937.1 2975.1 -1.2930
1 115.05 115.95 -0.7775
2 8.1691 8.4056 -2.8961
3 2.5130 2.5553 -1.6826
4 1.7087 1.7101 -0.0819

the probabilit y that the shift is detectedin the very �rst step itself grows larger and asa result, the
dependenceof detection probabilities at successive time-steps is lessimportant. Hencethe relative
error in ARL estimatesdecreasesfor large shifts. It is worth noting that the ARL estimatesderived
from equation A.13 are always lower than the actual values. This is due to the fact that an unusu-
ally high or unusually low signal value at time k−1 is likely to trigger detection at time-step k− 1
as well as time-step k. There exists, thus, a positive correlation betweendetection probabilities at
consecutive time-steps which the equation A.13 fails to model, and hencethe under-estimation of
ARL valuesresults. In other words, the equation A.12 assumesP (Ek|Ek−1) = P (Ek), whereasin
reality, P (Ek|Ek−1) > P (Ek).

To obtain more accurate ARL estimates, let us now model the detection event as a one-step
Markov chain. This assumption allows us to model the joint probabilit y distribution as:

P (RL = k, k > 2) = P (Ek, Ek−1, Ek−2, . . . , E2, E1)
= P (Ek|Ek−1) × P (Ek−1|Ek−2) × P (Ek−2|Ek−3) . . . P (E2|E1) × P (E1)
= (1 − p3)pk−3

3 p4p1

(29)
where p3 = P (Ek|Ek−1), k > 2 and p4 = P (E2|E1). The values of p3 and p4 are computed by
numerical integration.

p4 =

∫ +∞
−∞

∫ +∞
−∞

∫ +∞
−∞ E(x0, x1)E(x1, x2)f (x0, σ)f (x1 − δ, σ)f (x2 − δ, σ)dx0dx1dx2

p1
(30)

Similarly,

p3 =

∫ +∞
−∞

∫ +∞
−∞

∫ +∞
−∞ E(x1, x2)E(x2, x3)N (x1 − δ, σ)N (x2 − δ, σ)N (x3 − δ, σ)dx1dx2dx3

p2
(31)

Also, P (RL = 2) = (1 − p4)p1 and P (RL = 1) = 1− p1. We now have the expression:

ARL =
∑∞

k=1 k × P (RL = k)
= (1 − p1) + 2(1− p4)p1 +

∑∞
k=3 k × (1 − p3)pk−3

3 p4p1

= (1 − p1) + 2(1− p4)p1 + p1p4
3−2p3

1−p3

(32)
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Table 3 shows the relative error of this ARL estimate. A family of theoretical and experimental
ARL curves for di�eren t in-control runlengths is shown in Figure 12. Tables 2 and 3 indicate
that by taking into account a 1-step Markov chain dependence,the ARL estimates improve in
accuracy. Furthermore, the ARL valuesare always over-estimated due to the negative correlation
between shift detections at time-steps k and k − 2, given the detection at time-step k − 1. The
equation A.16 assumesP (Ek|Ek−1, Ek−2) = P (Ek|Ek−1), whereasin reality, P (Ek|Ek−1, Ek−2) <
P (Ek|Ek−1). This observation indicates that the accuracy of the theoretical ARL estimation can
further be improved by modeling with a 2-step Markov chain dependence. Inaccuraciesdue to a
�nite simulation samplesizeand numerical integration step-sizeare other sourcesof error.
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