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Abstract - Data rectification is the task of removing errors from measured process data, and is of paramount
importance for the efficient execution of other process operation tasks. Existing methods for rectification represent
the measured variables at a single scale in the time or frequency domain. This representation is inefficient for
rectification of data containing multiscale features such as, contributions from events of different duration in time
and frequency, and non-white stochastic errors. In this paper, a new class of methods is developed for the
rectification of random errors based on representing the measured variables at multiple scales by decomposition on
time-frequency localized basis functions derived from orthonormal wavelets. A new technique is developed for the
on-line rectification of stationary random errors in the absence of fundamental or empirical process models. This
rectification method eliminates basis function coefficients smaller than a threshold, and provides better rectification
than that by the widely used method of cxponential smoothing. The threshold for rectification is derived from a
multiscale model of the errors, which may be cstimated from the multiscale decomposition of the measured data, 11
multiple redundant measured variables are available, then the data may be rectified by extracting an empirical model
relating the variables, by methods such as principal components analysis. A new multiscale PCA method is
developed that provides better rectification than PCA, by simultaneously extracting the relationship among the
variables and among the measurements. The performance of the multiscale univariate filtering and multiscale PCA

are illustrated by several examples, and areas for future research are identified.

INTRODUCTION

Data rectification is the task of removing errors from
measured data, and is essential for the proper execution
of other process operation tasks such as, control,
monitoring and fault diagnosis. The errors contained
in measured data belong to two categories: random or
Gaussian errors, and non-random or gross errors, both
of which need to be removed by rectification. Data
rectification is inherently an ill-posed problem, since
given just the measured data, it is impossible to
rectify it without some knowledge or assumptions
about the nature of the errors or the variables.
Depending on the type of this additional information
used, data rectification methods may be classified into
the following major categories.

* Rectification based on fundamental process models
attempts to remove errors by exploiting redundancy
in the measured variables and constraining the
variables to satisfy a fundamental process model.
This approach has received much attention by
using steady-state and dynamic process models, as
reviewed by Kramer and Mah (1994). The quality
of rectification depends on the accuracy of available
process models.

Rectification based on empirical process models is
used when accurate process models are not
available, but the measured variables are redundant.
The data are rectified based on an empirical process
model derived from the measured data. Empirical
modeling techniques for data rectification extract a
model between the measured variables and their
rectified states by techniques such as, linear and
nonlinear principal component analysis (Kramer,
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1992}, and recurrent neural networks (Karjala and
Himmelblau, 1994).

Rectification based on model of the errors is used
when it is not possible to derive empirical process
models due to a lack of adequate data or redundancy
between the measured variables. Measured data
may then be rectified by univariate filtering based
on assumptions or knowledge about the nature of
the errors. These rectification methods are among
the simplest and most widely used techniques in
the chemical process industry, and include methods
such as, exponential smoothing and median
filtering (Tham and Parr, 1994).

Current rectification methods in each category
represent the measured variables at a single scale,
either in the time, or in the frequency domain. This
single-scale representation forces the rectification
methods to trade-off the quantity of e¢rrors removed
with the accuracy of the features retained in the
rectified signal. Consequently, as more errors are
removed from the measured data, the distortion of the
features retained in the rectified signal increases. This
distortion is larger for variables containing
contributions from events occurring at different
Jocations and/or duration in time and frequency.
Furthermore, single-scale rectification methods are
best suited for the removal of scale-invariant errors
such as, white or uncorrelated stochastic processes.
Unfortunately, errors in process data are often
autocorrelated or nonstationary, causing single-scale
methods to be unsatisfactory. This disadvantage of
single-scale methods may be overcome by developing
a time-series model for whitening the errors (Kao et
al.,, 1991; Karjala and Himmelblau, 1996), but this
increases the complexity of the rectification method.
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This paper introduces a new class of multiscale
methods for data rectification, with emphasis on
rectification based on a model of the errors, and based
on empirical modeling by principal components
analysis. This paper focuses on the removal of
random or stationary Gaussian errors only. The
multiscale representation of process variables is
obtained by representing them on a set of orthonormal
basis functions derived from wavelets. The time-
frequency localization of the basis functions allows
convenient separation of signal features and errors, and
rectifies measured data with minimum distortion of the
features retained in the rectified signal. Furthermore,
the ability of wavelets to approximately decorrelate a
wide variety of stationary and non-stationary stochastic
processes permits rectification in the presence of non-
white errors with no increase in computational or
implementational complexity.

Multiscale rectification based on a model of the errors
reduces random errors by eliminating basis function
coefficients smaller than a selected threshold. The
threshold for rectification depends on the stochastic
nature of the errors, and is estimated from the data.
Existing wavelet-based methods are restricted to off-
line application to signals of dyadic length only. The
approach described in this paper overcomes these
limitations, resulting in a practical rectification
method that can be used instead of current approaches
such as, mean or exponential smoothing.

Conventional PCA rectifies the data by extracting a
relationship among the measured variables, while
assuming the measurements to be independent of each
other. The multiscale principal components analysis
(msPCA) developed in this paper decomposes the data
matrix to simultaneously capture the cross- and auto-
correlation in the data matrix. Random errors are
reduced by eliminating the least important principal
components, and small basis function coefficients.
The rectified signal is usually superior to that obtained
by wavelet thresholding or PCA alone.

The rest of this paper is organized as follows. A brief
introduction to multiscale analysis using wavelet-
based methods is given in the next section, followed
by on-line rectification by multiscale univariate
filtering based on a model of the errors. Finally,
rectification by multiscale PCA is described. The
multiscale methods are illustrated and compared with
existing methods by examples based on synthetic data.

INTRODUCTION TO WAVELETS

Any square integrable signal may be represented at
multiple scales by decomposition on a family of
wavelets and scaling functions as shown in Figure 1.
The signals in Figures 1b through 1d represent
information from the original signal in Figure la, at
increasingly coarse scales, or lower frequency bands.
Each point in Figures 1b to Id is the projection of the
original signal on a wavelet, selected from a family,
Vink(® = 272y(2-M¢ - k), where m and k are the
dilation and translation parameters, respectively. The
signal in Figure le represents the coarsest scale or
lowest frequencies, and are coefficients of scaling
functions, ¢p () = 2-L2¢2-Lt - k), at scale m=L.
Each wavelet is localized in time and frequency, and
covers a region of the time-frequency space depending

on the value of its translation and dilation parameters.
Fast algorithms of O(N) complexity have been
developed for wavelet decomposition of a discrete
signal of dyadic length (Mallat, 1989).

The fixed shape and time-frequency localization of
wavelet basis functions is not efficient for representing
all types of features in a signal. This rigidity of
wavelets is overcome by developing a large library of
basis functions that cover a wide variety of time-
frequency localization and shapes. This wavelet packet
library can be searched efficiently in O(NlogN) time to
select the best orthonormal bases for representing a
given signal (Coifman and Wickerhauser, 1992).

RECTIFICATION BY MULTISCALE
UNIVARIATE FILTERING

In the absence of empirical or fundamental process
models, various single-scale filtering methods are
widely used for rectifying measured data. Exponential
smoothing is among the most popular of these
methods. This is a recursive low pass filtering
technique with the filtered value calculated as,

)'c‘izaxi+(1-a)£i_1 (H
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where, X; and x; are the rectified and measured values

at the i-th sample respectively, and o is the filter
parameter (Tham and Parr, 1994). Exponential
smoothing suffers from the disadvantages of single-
scale methods, and distorts localized features, and is
best suited for uncorrelated errors.

Rectification by multiscale univariate filtering is based
on the observation that additive random errors in a
signal are present over most of the multiscale
representation but are smaller in magnitude than
coefficients corresponding to features representing the
underlying signal, as illustrated in Figure 1. Thus,
random errors may be removed by eliminating
coefficients smaller than a threshold. This wavelet
thresholding approach can rectify uncorrelated and
correlated stationary errors since wavelets
approximately decorrelate correlated stochastic
processes. The statistical properties of this wavelet
thresholding approach have been studied by Donoho et
al. (1995), who prove that the rectified signal of
length N, will have an error within O(logN) of the
signal rectified with knowledge of the nature of the
error-free signal.

This section describes practical methods for multiscale
rectification of data containing uncorrelated or
autocorrelated stationary errors. Techniques are
developed for overcoming the inability of existing
wavelet-based methods to rectify signals of arbitrary
length in an on-line manner. [lustrative examples
compare the performance of the multiscale filtering
with that of exponential smoothing.

Selecting Threshold for Rectification
The quality of the multiscale rectification depends on
the selected value of the threshold for eliminating
coefficients that represent errors. A practical method
for estimating the threshold with minimum
assumptions about the measured data is the
VisuShrink method of Donoho et al. (1995). The

threshold at each scale is selected as, O’m\f2log2N,




PSE '97-ESCAPE-7 Joint Conference S1169

where G, is the standard deviation of the errors at

scale m, and N is the length of the signal. The value
of 0, may be determined from knowledge of the

power spectrum of the errors, if available. In most
practical cases, information about the stochastic
character of the errors is not available, and 6, may be
estimated from the multiscale decomposition of the
measured data by the robust median absolute deviation,

] .
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where, dy,y denotes the wavelet or wavelet packet

coefficients. Equation (2) relies on the assumption
that most of the wavelet coefficients at each scale
represent the errors, which are smaller in magnitude
than the contribution of the underlying signal. The
accuracy of Equation (2) for determining the variance
of the noise in a noisy signal decreases at coarser
scales since the number of available data points
decreases, and the contribution from the underlying
signal may increase.

VisuShrink has a tendency to oversmooth the signal,
for a better visual appearance, at the cost of a larger
mean squares error. If the objective is to minimize a
selected error of approximation of the rectified signal,
the best threshold may be determined via
crossvalidation (Nason, 1996). This approach divides
the measured data into sets of training and testing data,
and selects the threshold that minimizes the error for
testing data. Since the fast wavelet decomposition
algorithm requires a signal of dyadic length, two-fold
crossvalidation is performed by dividing the signal
into odd-numbered points, x,, and even-numbered
points, x,. First the odd-numbered points are used as
training data and are rectified by using different values
of the threshold. The values of the even-numbered
testing data are estimated as the mean of the adjacent
odd-numbered rectified points, ’/‘\e,j = ().5()’(‘0‘1- +
A . .

X0, +1)- The mean-squares error of approximation for
the testing data is then computed as, e, =
N/2

Z (xe,j - ”‘\e,j)z- The same process is repeated with
j=1

the even-numbered points as the training data.
Finally, the threshold with the minimum prediction
error is selected as the optimum. The optimum value
of the threshold may be found by a golden-section
search routine (Nason, 1996).

On-line Multiscale Decomposition and Rectification

Existing wavelet-based methods are not suitable for
on-line use because, the filters for all orthonormal
wavelets other than Haar are non-causal. This time
delay may be eliminated by using specially designed
causal filters at the signal boundaries. Another cause
of time delay is the dyadic discretization of the wavelet
translation parameter, which permits a complete
decomposition only when the measured signal is of
dyadic length. Thus, a signal consisting of four data
points can be decomposed completely on a Haar basis,
whereas decomposition of a signal of five, six or
seven data points needs to wait until all eight data
points are available. This time delay due to dyadic
discretization increases with the number of scales.:

This time delay may be overcome by relaxing the
requirement of dyadic discretization, and computing the
multiscale decomposition for overlapping moving
windows so that the last sample is at a dyadic location
for at least one translated window. This on-line
wavelet decomposition approach is depicted in Figure
2, and will result in as many rectified signals as the
number of translations. If the rectified sample is
needed without any time delay, then only one of the
translations may be used for the rectification. In many
applications, some time delay in the rectification may
be acceptable, in which case several translations
provide a rectified value. For example, if a time delay
of p sampling instants is acceptable, then the rectified
sample is provided by (p+1) translations. In this case,
the value of the rectified sample may not be the same
for all translations, and it is not clear which
translation should be selected to obtain the final
rectified sample.

Selecting the best rectified sample requires an analysis
of the impact of signal translation on the quality of
the rectified signal. Rectification by wavelet
thresholding has a tendency to create spurious features
in the vicinity of large changes in the measured signal.
These spurious features are due to a localized Gibbs
phenomenon caused by a mismatch between the
location of the change in the signal and in the basis
function. Thus, for Haar wavelets, if a step change is
at a dyadic location, it will be represented exactly by
the multiscale rectification since the location of the
step will match the discontinuity in the basis
function. In contrast, if the step is at a non-dyadic
location such as, N/5, the rectified signal will exhibit
significant spurious features, since several Haar
wavelets will be needed to capture it exactly.
Consequently, translation of the measured signal
affects the location and size of the spurious features.
Since the best translation for each feature in a signal
may be different, the presence of spurious features may
be decreased by averaging the rectified signal for all
translations, since the spurious features at different
locations may cancel out.

The methodology for on-line multiscale rectification
decomposes the measured signal on the selected family
of wavelets or wavelet packets in the largest possible
window of dyadic length. As new samples are
collected, the window is translated so that the most
recent sample is at a dyadic location for at least one
translated window. As more samples are collected, the
window size is increased to the largest possible dyadic
length reflecting the assumed stationary nature of the
errors. This on-line multiscale rectification method
requires only O(NlogN) computations for wavelets and
O(NlogzN) computations for wavelet packets, since
only a few new coefficients need to be computed for
every new sample, as shown in Figure 2.

Unlike previous approaches for rectification based on
translationally invariant orthonormal wavelet
decomposition (Coifman and Donoho, 1995), the
methodology described above neither requires the
signal to be of dyadic length, nor assumes the signal
to be a cyclic list. Consequently, this methodology
can be applied to signals of arbitrary length, and no
errors are created due to boundary effects.
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HNlustrative Example

The performance of the multiscale univariate filtering
method described in this section is illustrated by
rectifying a synthetic signal containing AR(1) noise,

n; = \1—0-.—5‘([”_1 + ai)

where, a; denotes white noise. The result of

rectification in the presence of white noise by
multiscale filtering and exponential smoothing are
shown in Figures 3 and 4, respectively. The filter
coefficient for exponential smoothing is determined as
the one that gives the smallest mean-squares of
approximation, and the threshold for multiscale
filtering is determined by Equation (2). More
examples and comparison with other methods may be
found in Bakshi et al. (1997).

RECTIFICATION BY MULTISCALE
PRINCIPAL COMPONENTS ANALYSIS

In most chemical processes, the multiple measured
variables are usually related to each other. If the
relationship between the variables is known, then it
can be used for rectifying the data by eliminating that
portion of the measurements that does not satisfy the
process model. If an accurate fundamental process
model is not available, it may be derived empirically
by techniques such as principal components analysis.
PCA transforms the data into principal component
loadings, P, and scores, T as X=TPT, where, X is an
n X p data matrix with n being the number of
measurements and p the number of variables. The
principal component loadings, P are orthonormal
basis functions determined from the data to efficiently
capture the variance of the measured variables. PCA
of noisy measurements requires the data matrix to be
scaled as, Q-1X where Q is the covariance matrix of
the errors. Principal components corresponding to the
smallest eigenvalues are known to be composed
entirely of errors, and may be eliminated to reconstruct
the rectified signal as,
A —A AT

X=TP 3)

A A
where T, and P represent the selected scores and

A
loadings respectively, and X is the rectified data
matrix.

Since the principal component scores are the weighted
sum of the measured variables, errors in the
measurements contaminate all the principal
component scores. Rectification by eliminating the
least important scores and loadings does not reduce the
errors completely since the scores and loadings retained

in T and P are still contaminated by the errors.
Furthermore, the single-scale data representation in
PCA forces a trade-off between the extent of
rectification and the accuracy of the retained features.
That is, as more principal components are eliminated,
more errors are removed, but the distortion of the
signal features increases. The covariance matrix of the
errors is also not easy to identify by conventional
single-scale methods. The method developed in this
section combines rectification by PCA with that by
multiscale univariate filtering to result in a multiscale
PCA (msPCA) technique that can provide

significantly better rectification than either wavelet
thresholding, or PCA alone.
Methodology
The msPCA methodology is as follows:
» Decompose each measured variable on a selected

family of orthonormal wavelets or wavelet packets
as, Wwp"i’ where WWP is the wavelet packet

operator matrix.

Combine the coefficients representing the same
basis functions by taking their sum of squares.
This results in a binary tree with each node
representing the signal variance, captured by the
corresponding basis function.

* Find the best basis, Wyx;, that minimizes the
entropy of coefficients larger than the threshold.

This maximizes the separation between coefficients
representing the errors and the true signal.

-

Compute the PCA of the matrix of best wavelet
packet coefficients determined in the previous step.

Eliminate the least important components, and
coetficients smaller than the threshold.

* Reconstruct the rectified signal.

Due to the linearity and orthonormality of the wavelet
packet transformation, the principal components of the
wavelet packet matrix are the same as those of the
original matrix since, (WbX)T(WbX) =XTX, and
WbTWb=I. The PCA loadings and scores of the
multiscale matrix capture both the auto- and cross-
correlation in the data matrix. Additional details and
applications are available in Bakshi (1997).

Hlustrative Examples

The ability of msPCA to provide better separation of
errors from the true signal is illustrated by considering
a data matrix consisting of 256 measurements and 2
variables contaminated by white noise of standard
deviation 0.2. The true rank of this matrix is one. A
plot of the wavelet decomposition of the measured
variables against each other s shown in Figure 5.
Similar plots of the true values and the noise are also
shown in this figure. Figure 5 depicts the linear
relationship between the variables, and shows that the
noise causes the wavelet coefficients of the true signal
to scatter from the linear relationship. The remaining
coefficients corresponding to the noise are localized in
a region near the origin, whose size corresponds to the
error variance. Rectification by PCA alone only
eliminates the scatter due to the noise, whereas
rectification by msPCA also eliminates the noise
coefficients near the origin, resulting in improved
rectification.

The performance of rectification by msPCA is
compared with that by PCA and univariate multiscale
filtering by a synthetic example consisting of a 256
by 5 data matrix with the fourth and fifth variables
being related to the first three. The measured data
matrix is constructed by adding white noise with
standard deviation of 0.4. The result of PCA
rectification by selecting three components is shown
in Figure 6, and that by msPCA by selecting the same
three components and thresholding by Equation (2) is
shown in Figure 7. Rectification by msPCA is
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clearly much better than that by PCA. The errors of
approximation between the rectified and noise-free data
for various methods are summarized in Table 1. These
results show that wavelet thresholding alone performs
better than rectification by PCA, but, combining both
techniques in msPCA provides the best rectification.

CONCLUSIONS

This paper has introduced a new class of data
rectification methods based on a multiscale
representation of the measured data. These multiscale
methods provide better rectification than current
methods that represent data at a single scale in the
time or frequency domain. Multiscale rectification is
most beneficial for data containing contributions from
events occurring over different duration in time and
frequency, and non-white errors. The multiscale
methods represent data on a selected family of basis
functions derived from orthonormal wavelets, and rely
on the ability of wavelets to approximately decorrelate
a variety of stochastic processes.

Multiscale rectification based on a model of errors
eliminates random errors as coefficients smaller than a
threshold. The threshold may be estimated from the
multiscale decomposition by the median absolute
deviation or by crossvalidation. A method for on-line
rectification is developed based on recursive
rectification in a moving window of dyadic length.
Illustrative examples show the superiority of the
multiscale rectification over exponential smoothing.

Measured data may also be rectified by extracting an
empirical model relating the measured variables.
Principal component analysis is a popular technique
for data rectification by extracting the cross-correlation
among the variables, and eliminating the components
capturing the least amount of variance in the data
matrix. A novel technique for improved rectification
by PCA is developed in this paper based on
representing each variable over multiple scales. This
multiscale PCA is able to rectify the data by
extracting the auto- and cross-correlation in the data
matrix, and results in significant improvement over
rectification by PCA.

This paper has focused on multiscale techniques for
the rectification of random errors. Multiscale methods
for the rectification of gross errors have also been
developed.  Application of msPCA process
monitoring, and other multiscale empirical modeling
methods indicates the ability of multiscale methods to
provide better models and improve various process
operation tasks (Bakshi, 1997).
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Figure 1. Wavelet decomposition of noisy signal.







