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Abstract: A theoretical analysis was performed to deter-
mine the number of fractions a multidisperse, immuno-
magnetically labeled cell population can be separated
into based on the surface marker (antigen) density. A
number of assumptions were made in this analysis: that
there is a proportionality between the number of surface
markers on the cell surface and the number of immuno-
magnetic labels bound; that this surface marker density
is independent of the cell diameter; and that there is only
the presence of magnetic and drag forces acting on the
cell. Due to the normal distribution of cell diameters, a
‘‘randomizing’’ effect enters into the analysis, and an
analogy between the ‘‘theoretical plate’’ analysis of dis-
tillation, adsorption, and chromatography can be made.
Using the experimentally determined, normal distribu-
tion of cell diameters for human lymphocytes and a
breast cancer cell line, and fluorescent activated cell
screening data of specific surface marker distributions,
examples of theoretical plate calculations were made
and discussed. © 1998 John Wiley & Sons, Inc. Biotechnol
Bioeng 59: 10–20, 1998.
Keywords: surface marker density; receptor density; im-
munomagnetic cell separation

INTRODUCTION

The ability to differentiate a heterogeneous cell population
based solely on the expression of a surface-expressed
marker has become a significant analytical technology in
basic biological studies, in applied biological studies, in
clinical diagnosis of disease, and in rapidly developing cell-
based therapies in the treatment of human disease. Much of
this development is the result of the use of antibody–
fluorescent label conjugates for specific cell surface mark-
ers and the ability of fluorescent activated cell sorting
(FACS) systems to separate these labeled cells. More re-
cently, magnetic separation, based on the use of paramag-
netic beads conjugated to these specific antibodies, has be-
come quite common.

Figure 1 presents a typical cell fluorescence histogram

(cell count vs. log of fluorescence intensity, FI), from flow-
cytometric analysis, of human cytotoxic T lymphocytes, la-
beled with a CD8 antibody–fluorescein conjugate
(Zborowski et al., 1997b). As can be observed, the positive
cell population (the cell counts under the ‘‘M1’’ line) is not
a single peak, but has a large range (on the order of two
orders of magnitude) of fluorescence intensities (note that
the x-axis is logarithmic). If it is assumed that a constant
proportionality exists between the cell surface marker and
the fluorescence label used, and that all the cells have the
same diameter, then more than two orders of magnitude in
the cell surface marker density exist. However, as will be
mathematically demonstrated in what follows, some of this
distribution can also result from distributions in cell diam-
eter. Shapiro (1995) noted that there are several examples of
large (several orders of magnitude) nongaussian distribu-
tions of surface antigens including the distribution of CD4,
CD8, and CD3 antigen density on the surface of neonatal
thymus cells.

Although it is generally recognized that it would be
highly desirable to be able to quantitatively correlate FI to
surface marker density in FACS, numerous difficulties in
obtaining uniform calibration of FI have limited routine
applications (Poncelet and Carayon, 1985; Vogt et al.,
1989). A number of calibration techniques have been used
to quantify FI. These techniques include the use of fluores-
cein-labeled microbeads and fluoresceinated calf thymocyte
nuclei (Fluorotrol) (Vogt et al., 1989, 1991). However,
problems with uniform calibrations still impede progress in
the clinical application of quantitative FI measurements
(Bohmer et al., 1985; Chatelier and Ashcroft, 1987; Parks et
al., 1988; Vogt et al. 1991). These problems were well
quantified by Vogt et al. (1991) in a study in which cali-
bration microbeads, Fluorotrol, and human lymphocytes
stained with fluoresceinated CD4 antibodies were sent to 34
laboratories to be tested on 43 different flow cytometers. All
standard curves produced strongly linear results, and the
pooled results from all standards produced a best-fit curve
that was close to assigned values. However, results measur-
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ing cellular FI were highly variable, with CVs ranging from
20% to 39% when calculated based on the pooled standard
curve, or 3% to 9.9% when calculated based on the specific
instrument standard curve. Despite considering a number of
possible causes for this variability, Vogt et al. (1991) stated
that ‘‘the overall variability in FI results thus remains un-
explained by any single major influence addressed in our
review of the data and is most likely attributable to varying
combinations of smaller influences.’’ They further stated
that laser power and optical filtration most probably con-
tribute to this variability.

An alternative approach was taken by Poncelet and Ca-
rayon (1985) in a technique called quantitative indirect im-
munofluorescence assay (QIFI), which allows absolute
numbers of antibody binding sites on lymphoid cells to be
determined. However, this assay required the use of cell
lines and radiolabeled antibodies to establish a standard
curve. More recently, Poncelet et al. (1991a) reported on a
modification of the original QIFI assay through the use of
commercially available beads (with mouse IgG attached at
varying, known densities), which can be used as secondary
standards for quantitative indirect immunofluorescence as-
say. Using this modified technique, Poncelet et al. (1991b)
determined values for the number of CD4 and CD45 anti-
gens on normal and HIV-infected human lymphocytes.
More recently, Bikoue et al. (1996), using the QIFI tech-
nique, demonstrated the linearity of the mean FI with the
mouse IgG concentration on the beads. With this calibra-
tion, a more complete study of a variety of different antigen
densities on human lymphoid, monocytic, and polymorpho-
nuclear blood cells was reported. However, it should be
noted that significant calibration tests were needed to obtain
this result.

Magnetic Labels

The ability to separate a cell based on magnetic forces is
dependent on the ability of imparting on the cell a paramag-
netic dipole moment. This is due to the fact that there is only
a limited number of cells that demonstrate sufficientintrin-
sic paramagnetic moment significantly higher than that of
the surrounding medium (namely water) to be of practical
use in cell separation without the use of antibodies conju-
gated to paramagnetic markers (or other paramagnetic la-
beling procedures). The best known examples are erythro-
cytes (deoxygenated or oxidized, with trivalent iron atoms)
and magnetotactic bacteria (Bazylinski et al., 1988; Mel-
drum et al., 1993; Okazaki et al., 1986; Pauling and Coryell,
1936). All other cells of interest have to be tagged by a
magnetic label to achieve the required contrast in magnetic
susceptibility between the cell and the medium. Using a
commercially available antibody–paramagnetic label conju-
gate, and the appropriate magnetic field, a five-order-of-
magnitude difference in magnetic susceptibility between a
labeled and unlabeled cell can theoretically be obtained.

Types of Paramagnetic Labels

To assist in the understanding of the paramagnetic labeling
process, Figure 2 presents a schematic diagram of a typical
immunomagnetic labeling complex. For the purpose of this
study, the available paramagnetic labels will be classified
based on their size:particulate (on the order of a cell di-
ameter, typically 1 to 5mm); colloidal (on the order of 100
nm); andmolecular(on the order of 10 nm). Two of these
types of magnetic labels, particulate and colloidal, are avail-
able commercially (Dynal AG, Oslo, Norway; Miltenyi
Biotec GmbH, Bergisch Gladbach, Germany), whereas the
third, molecular, is available from research labs (Zborowski
et al., 1996). Two important points, which will be elabo-
rated further, need to be made with respect to these different
types of labels: (1) the physical size of the magnetic label
determines the separation resolution; and (2) the magnetic
moment of a magnetic label is greatly affected by the size of
the bead with the large beads having orders-of-magnitude
higher magnetic moment than the colloidal or molecular
labels.

The large difference in the magnetic susceptibility be-
tween the unlabeled cells and the cell–bead complex (up to
approximately five orders of magnitude for particulate la-
bels) leads, in principle, to high resolution using particulate
labels, such as Dynalbead M450. In practice, the resolution
is decreased by a number of unwanted effects, including
nonspecific binding of beads to nontarget cells, detachment
of beads from target cells (sometimes with fragments of the
cell membrane) due to high shear stresses created by rapidly
accelerating magnetic beads, or random entrapment of cells
in bead clusters (Rubbi et al., 1993). Due to these, and
possibly other compounding effects, paradoxical results
have been reported, showing decreasing target cell purity in
the enriched fraction with increasing cell surface marker

Figure 1. Flow-cytometric analysis of human lymphocytes labeled with
a CD8 antibody-fluorescein conjugate (CD refers to ‘‘cluster of differen-
tiation’’). The CD8 antibody binds specifically to cytotoxic T cells and
increases their fluorescence by about one to two orders of magnitude
(CD8+ cells). The rest of the cells (CD8− cells) are faintly fluorescent due
to autofluorescence. M1 represents the range of CD8+ cells, and the left-
hand side of M1 represents the ‘‘gate’’ or threshold level set for binary
separation. This distribution shown here represents lymphocytes enriched
in CD8+ cells by magnetic flow sorting (Zborowski et al., 1997b).
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density, or reappearance of the target cell phenotype in the
purged cell fraction due to stripping and the resynthesis of
the cell surface marker in cell culture (Mansour et al., 1992;
Rubbi et al., 1993). In summary, the relatively large size of
the magnetic bead limits its use to only a gross separation of
cell surface marker expressors from nonexpressors (binary
separation), without the ability to differentiate between the
degree of cell surface marker expression. All of the mag-
netic cell separations using particulate labels are binary in
nature; that is, either the cell is magnetic or it is not.

Colloidal Magnetic Labels

Unlike the particulate labels, colloidal magnetic labels re-
quire high magnetic fields and gradients. An example of
such a colloidal label is the MACS microbead, a dextran
microbead doped with magnetite with a nominal diameter of
50 nm (Miltenyi Biotec) (Miltenyi et al., 1990). The small
size of the MACS microbeads requires high magnetic fields
and gradients to achieve sufficiently high magnetic mo-
ments and to affect cell flow in a fluid. The relatively small
magnetic force,Fm , requires a short cell travel distance in
solution to the deposition substrate for cell separation to
occur in a realistic time interval. Such fields are provided by
high-gradient magnetic separators filled with high magnetic
permeability matrices (Radbruch et al., 1994). The overall
performance of the MACS system is comparable to that of
the Dynabead-based separation systems, with the Dyna-
bead-based system being more efficient for negative sepa-
ration, and the MACS system being more efficient for posi-
tive isolation (Manyonda et al., 1992). High purity and cell
recovery of the positive cell selection becomes important to
isolate rare cells for analytical purposes, such as the iden-
tification of fetal cells in the maternal blood and isolation of
progenitor and stem cells from bone marrow (Busch et al.,
1994; Schmitz et al., 1994).

A significant advancement in cell separation would exist
if cells could be separated based on the density of the sur-
face makers (Thomas et al., 1992). Such a separation could
be defined as ‘‘analog’’ fractionation as opposed to the
‘‘binary’’ separations discussed earlier. Another way of re-
ferring to such a separation would be to ‘‘fractionate’’ the
positive cell population into subpopulations based on cell
surface marker density. A requirement of such a separation
would be that there exists a proportionality between the
surface marker and the paramagnetic label, just as is com-
monly assumed with fluorescent labels. Also, because of the
problems outlined previously with particulate labels, the
best type of paramagnetic label to use would be either mo-
lecular or colloidal.

As will be shown in what follows, such an ‘‘analog’’
fractionation will be a function of not only the cell marker
density and the magnitude of the magnetic force per cell
surface marker, but also the distribution of cell diameters.
Consequently, experimentally determined cell diameter dis-
tributions will be presented for two types of cells, human
lymphocytes (the same as presented in Fig. 1) and a human
breast cancer cell line (MCF-7). In addition, FACS analysis
will be presented, demonstrating the range of intensities in
specific cell fluorescence for the MCF-7 cell line.

MATERIALS AND METHODS

Cell Types

Human peripheral blood was obtained by venipuncture from
apparently healthy volunteer donors in accordance with The
Cleveland Clinic Foundation Institutional Review Board

Figure 2. (a) Schematic rendering of immunofluorescence and immuno-
magnetic labeling complex. (b) Example of cell fluorescence histogram, by
FACS analysis—note the presence of a negative cell population (lacking
the antigenic determinant) due to cell autofluorescence. (c) Hypothetical
cell magnetization histogram of the same cell sample as in (b), showing
positive cell fraction and lack of negative fraction due to negligibly small
intrinsic cell magnetization. The distribution of cell magnetization corre-
sponds to the distribution of cell surface marker density, required for the
analogseparation.
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guidelines. The mononuclear fraction of human peripheral
blood was obtained by centrifugation on a Ficoll cushion
(Pharmacia, Uppsala, Sweden).

The human breast cancer cell line, MCF-7, was obtained
from the American Type Culture Collection (ATCC, Rock-
ville, MD) and maintained in RPMI-1640 medium (Gibco,
Detroit, MI) supplemented with 10% fetal calf serum (Life
Technologies, Grand Island, NY), 0.1% (v/v) insulin, 100
mg/mL penicillin, and 100mg/mL streptomycin. The cells
were cultured at 37°C in a humidified incubator at 6.5%
CO2 and the medium was changed every 3 days.

Cell Size Distribution

Two types of Coulter Counters (Coulter, Miami, FL) were
used for cell size determination: a Model Z1 and a Multi-
sizer IIe. To obtain a histogram using the Model Z1, after
each experiment the operator manually selected the window
size of interest. This window size was chosen to be 0.5mm,
and 48 increments were used ranging from 5.125 to 19.25
mm.

Cell size distribution for the MCF-7 cells was also deter-
mined using the Multisizer IIe apparatus. With this device
sampling widows were not necessary, and the software in-
cluded performed desired data analysis. With both counters,
a 100-mm aperture was used in the sampling electrode. The
use of two different Coulter Counters was the result of the
purchase of the Multisizer IIe after the analysis of the hu-
man lymphocytes.

Immunofluorescence Staining of
Human Lymphocytes

The cytotoxic T-lymphocyte subpopulation, characterized
by the presence of the CD8 surface marker, was stained with
mouse anti-human CD8 monoclonal antibody-fluorescein
isothiocyanate (FITC) (B-D Immunocytometry Systems,
San Jose, CA). Additional cell aliquots were stained with
monoclonal antibody isotype to control for the primary an-
tibody specificity.

Immunofluorescence Staining of MCF-7 Cells

An indirect immunofluorescence staining procedure was
used. The primary antibody used was a mouse, anti-human
monoclonal antibody (MAb) to epithelial membrane antigen
(EMA; Biomeda, Foster City, CA). This primary antibody
was incubated with 1.5 × 106 cells for 1 h atroom tempera-
ture in 1 mL of antibody solution at either 20, 80, 140, or
200 mL/mL. After twice being washed in Ca2+/Mg2+-free
PBS, the cells were stained with the secondary antibody at
a concentration of 1mL/mL for 15 min at 7°C. The sec-
ondary antibody used was a polyclonal (PAb) biotin conju-
gate (Coulter Immunological Co., Hialeah, FL). After sec-
ondary antibody staining, the cells were incubated in 1 mL
of avidin-FITC solution (20mL/mL) (Vector, Burlingame,
CA) for 5 min at 7°C. The fluorescence-labeled cells were

fixed in 1 mL of 1% (v/v) paraformaldehyde, centrifuged,
and resuspended in 500mL of PBS with 4.4% BSA.

FACS Analysis

Flow cytometry was performed using the FACScan Ana-
lyzer and Cell Quest software (Becton-Dickinson, San Jose,
CA).

RESULTS

Figure 3a presents a graph of cell count and frequency ver-
sus cell size. As can be observed, two complete peaks and
a part of a third peak are present. The peak at small diam-
eters is most probably residual red blood cells and platelets
and the large peak at approximately 7.0mm is lymphocytes,
whereas the larger cells are most probably large lympho-
cytes and monocytes. This observation is in agreement with
the published literature data and manufacturer’s information
regarding Ficoll–Paque performance. Klaus (1987) reported
that the volume of lymphocytes is in the range of 120 to 290
mm3. Assuming lymphocytes to be perfect spheres, this re-
turns a diameter range of approximately 6.1 to 8.2mm.

Figure 3. Experimental results of cell diameter analysis for human lym-
phocytes (a) and MCF-7 cells (b). Data for the human lymphocytes are
presented as mean cell count (s) and mean frequency (d). Error bars were
only included for the mean count data. The various curves represent the
fitting of the data to three gaussian-distributed cell populations correspond-
ing, presumably, to red blood cells (peak < 4mm), lymphocytes (peak≈7.2
mm), and monocytes (peak≈9.0 mm). (b) Histogram output from the Mul-
tisizer software.
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Using a nonlinear root finding technique, three gaussian
curves were fit to these data. These curves are indicated by
the different dotted lines in Figure 3a. As an internal con-
sistency check, the sum of the three gaussian curves (the
solid line) was superimposed on the cell size distribution
data, showing a good fit (Fig. 3a). Because we are most
interested in the lymphocytes in this analysis, the curve-
fitting routine gave a mean diameter of 7.25mm with a
standard deviation of 0.477mm.

Figure 3b is a representative histogram output using Mul-
tisizer AccuComp 1.19 software for the cell diameters of
MCF-7 cells. This software automatically calculates a num-
ber of statistical measures of the data including mean and
standard deviation. A total of seven independent samples,
over a range of cell concentrations, were analyzed with the
system. No effect of cell concentration was observed and
the mean diameter, based on the seven samples, was 17.28
mm with a standard deviation of 3.52mm. This mean and
standard deviation were determined for the data within the
dotted, vertical lines indicated in Figure 3b. This range was
chosen because the peak at the low end is assumed to be cell
debris.

Figure 4 presents a FACS histogram of the MCF-7 cells.
Notice the much larger width of positive cell fluorescence
peak, when compared with the FACS histograms of the
human CD8 lymphocytes. Note, in contrast to the lympho-
cyte analysis, a single cell line was used, and the back-
ground fluorescence of unlabeled cells is not shown.

MATHEMATICAL MODEL

Because this derivation primarily involves theoretical evalu-
ation of the maximum resolution, with respect to cell sur-

face marker density, which can be obtained using colloidal/
molecular labels, the actual design and limitations of a prac-
tical cell separator will not be discussed.

Force Balance

The fundamental forces acting on an aqueously suspended,
paramagnetically labeled, cell are magnetism, buoyancy,
gravity, and drag, designated,Fm, Fbou, Fg, andFd, respec-
tively (Fig. 5). If the Reynolds number is less than 0.1, one
can assume thatFd is represented by the Stokes drag. Math-
ematically, these forces are defined as follows:

Fm = AcabFb (1)

Fbou =
~rc − rf!pDc

3g

6
(2)

Fd = 3pvcDch (3)

whereAc is the surface area of the cell,a is the number of
cell surface markers per membrane surface area,b is the
number of antibody magnetic bead complexes bound per
marker,Fb is the magnetic force acting on one antibody
magnetic bead complex,Dc is the diameter of a cell,g is the
acceleration of gravity,vc is the velocity of a cell,rf is the
density of the fluid,rc is the density of a cell, andh is the
viscosity of the fluid. Whereas the relationship forFm ap-
pears relatively straightforward,Fb is highly nonlinear (ex-
cept under specialized conditions), and is defined by:

Figure 4. Flow-cytometric analysis of MCF-7 cells. The primary anti-
body used for labeling was a mouse anti-human monoclonal antibody to
epithelial membrane antigen (EMA), whereas the secondary antibody was
a polyclonal biotin conjugate. Finally, the cells were stained with avidin-
FITC label.

Figure 5. Schematic rendering of forces acting on magnetized cells in
solution. The fluid is characterized by the magnetic susceptibility,xf, vis-
cosity,h, and the specific density,rf. The cell is assumed to be spherical
and rigid, and characterized by cell diameter,Dc. The colloidal magnetic
label is uniformly distributed over the cell surface proportional to the
surface marker density,a. The colloid’s magnetic susceptibility isxp.
Contribution of magnetic forces acting on magnetic colloid on the cell
surface results in the total magnetic force (Fm), applied at the center of the
cell. Other forces acting on the cell are hydrodynamic drag (Fd) gravity,
and buoyancy (Fbou).

14 BIOTECHNOLOGY AND BIOENGINEERING, VOL. 59, NO. 1, JULY 5, 1998



Fb =
1

2mo
DxVb = B2 (4)

wheremo is the magnetic permeability of free space;Dx is
the difference in magnetic susceptibility between the mag-
netic bead,xb, and the surrounding medium,xf (saline in
this case);Vb is the volume of one magnetic bead, andB is
the external magnetic field strength (Zborowski, 1997)
(note: Fb is a vector in the direction of magnetic energy
gradient). The magnitude of the vectorFb is denoted byFb

in Eq. (1). The SI unit system is used throughout this study.

Assumptions

In the derivation that follows, which uses the aforemen-
tioned fundamental forces, the following assumptions will
be made. First, a direct proportionality exists between the
surface marker and the paramagnetic force acting on the
label(s); that is,b is a constant. This does not necessarily
require a one-to-one correspondence between marker and
label; rather, we assume that the magnetic force acting on a
labeled marker is the same for any marker on the cell sur-
face. For purposes of this derivation, we will assume thatb
4 1. Second, there are no flow effects on the magnetically
labeled cells, except the drag force, which arises from the
magnetically induced velocity. Third, the diffusion coeffi-
cient of labeled cells is vanishingly small; that is, there is no
thermal or Brownian motion by the cells. Fourth, there are
no cell–cell interactions. Fifth, the cell surface marker den-
sity, a, is independent of cell diameter. Sixth, there is no
nonspecific binding of antibodies. Finally, there is a con-
stant binding affinity of the antibodies to the surface marker.

Force Balance

Applying Newton’s second law, and considering for sim-
plicity that the direction of motion is perpendicular to grav-
ity, on obtains the following equation:

Fm + Fd 4 ma (5)

wherem is cell mass, anda is its acceleration. Reddy et al.
(1996) demonstrated that, for Dynalbeads, which are several
orders of magnitude greater in paramagnetic moment than
typical colloidal or molecular labels, that theFm and Fd

terms are several orders of magnitude greater than the in-
ertial ma term. Consequently, it will be assumed that the
right-hand side of Eq. (5) can be set equal to zero.

Substituting Eq. (1) and (3) into (5), setting (5) equal to
zero, and replacingAc by the expression for the surface area
of a sphere, and solving forvc, one obtains:

vc =
DcaFb

3h
(6)

Eq. (6) indicates that there are four variables (Dc, a, h, and
Fb) that control the velocity of a paramagnetically labeled
cell.

Nondimensionalization of Eq. (6)

One can define the following nondimensional variables:

Dc* =
Dc

Dcl
; vc* =

vc

vcl
; Fb* =

Fb

Fbl
; a* =

a

al
; s* =

s

Dcl
(7)

whereDcl corresponds to approximately one cell diameter
(1 × 10−5m), vcl corresponds to a velocity of one cell diam-
eter per second (1 × 10−5 m/s),Fbl corresponds to the mag-
nitude of the paramagnetic force acting on one colloidal,
paramagnetic bead (1.96 × 10−15 N), andal corresponds to
a typical number of CD8 molecules on a human lymphocyte
(1 × 105) (Barclay et al., 1993) divided by the surface area
on a sphere of diameterDcl (3.18 × 1014 marker/m2).

Substituting Eq. (7) into Eq. (6), one obtains:

vc* = FDlalFbl

hvl
G Dc*a*Fb*

3
= z

Dc*a*Fb*

3
(8)

where the nondimensional group,z, is a ratio of magnetic
forces to drag forces.

Relationship of v*c and a* to Cell Diameter

The key to the type of separation discussed in this article is
the exploitation of the velocity difference in cells as a result
of differences in the degree to which the cell is labeled,
which corresponds to the value ofa, or a*. However, as can
be observed, the velocity of a cell is directly proportional to
the diameter of the cell as well.

Because many characteristics of biological systems ex-
hibit a gaussian, or normal, distribution around a mean
value a normal distribution of cell diameters will be as-
sumed (for the purpose of this derivation). When expressed
in ‘‘standard form,’’ the following relationship expresses
the gaussian distribution around a zero mean (Spiegel,
1996):

Y =
1

=2p
e1

1
2
z2

(9)

wherez is defined for this derivation as:

z =
~Dc* − D*cm!

s*
(10)

whereD*cm is the dimensionless, mean cell diameter, ands*
is the dimensionless standard deviation of cell diameter,D*c ,
distribution around the mean,D*cm. From these two relation-
ships [Eqs. (9) and (10)], one can set a value ofz such that
a specific percent of the cell population falls within the cell
diameter range (D*cm − zs*) to (D*cm + zs*). For example,
for a valuez 4 2, 95.45% of the given cell population will
be included within the cell diameter range of (D*cm −zs*) to
(D*cm + zs*). [Note: The mean cell diameter must be many
times larger than the measure of cell diameter distribution
around the mean (i.e., standard deviation) for the gaussian
distribution to represent correctly the cell diameter distribu-
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tion. If this is not true; then the use of a log-normal distri-
bution is more appropriate.]

Rearranging Eq. (10) and substituting into Eq. (8), and
settingD*cm 4 1, one obtains:

za*Fb*

3
~1 − zs * ! , vc* #

za*Fb*

3
~1 + zs* ! (11)

for the range of velocities that a labeled cell can assume for
a given value ofa*, if the cell diameters vary within the
range of (1 −zs*) < D*c < (1 +zs*). Note that, if the product
|z| z s* $ 1, the cell is stationary in the magnetic field or
moves against the magnetic energy gradient. In this analy-
sis, we assume that, for all magnetically labeled cells, the
conditionDx > 0 holds. Consequently, all such cells move
in the direction of the magnetic energy gradient and, there-
fore, |z| z s < 1.

The implications of Eq. (11) are illustrated in Figure 6 as
the fraction of cells with a velocityv*c [calculated by inte-
grating over somez interval, Eq. (9)] versus the cell veloc-
ity, v*c , for different values ofa*F*b. As can be observed in
Eq. (11), for a specific value ofa*F*b, a range ofv*c is
possible. In addition, this range ofv*c increases as the value
of a*F*b increases.

Because, for a given value ofa*Fb, a range of values of
v*c is obtained, using Eq. (11) this range can be determined
as a function ofz:

?Dvc*? =Uz
~1 + zs* !a*Fb*

3
− z

~1 − zs* !a*Fb*

3 U
= z

a*Fb*

3
2zs* (12)

This ‘‘spread’’ of cell velocities, due to the distribution of
cell diameters, is analogous to the ‘‘height’’ of a ‘‘theoret-
ical plate’’ discussed elsewhere in distillation, absorption,
and chromatography (Foust et al., 1980; King, 1980). No-
tice that the ‘‘height’’ is proportional to the value ofa*, F*b,

s*, and z. In this context, the value ofz is a measure of the
‘‘purity’’ of each fraction with respect to the overlap of
anothera*F*b distribution.

The same type of analysis can be conducted with respect
to a*. By rearranging Eq. (8), and replacingD*c with (1 ±
zs*), one obtains:

3vc*

zFb* ~1 + zs* !
# a* ,

3vc*

zFb* ~1−zs* !
, ?z? ? s* , 1 (13)

which states that one only predicts a range of values ofa*
on the basis of the measured value of v*c . Again, the range
of marker densities predicted for the same cell velocity is
due to the distributions of cell diameters,D*c . As with Eq.
(12), one can solve for the ‘‘spread’’ of marker concentra-
tions, as a result of the variability of cell diameters, for a
given velocity:

?Da*? =
3vc*

Fb*z

2zs*

1 − z2s*2, ?z? ? s* , 1 (14)

The second term on the right-hand side can be replaced by
2zs* for values ofs less than 0.1, because a value ofs* 4
0.1 and z4 2 results in only a 4% error and a value ofs*
< 0.1 would result in an even smaller error.

Theoretical Number of Plates

Given the relationships for the ‘‘height’’ of a theoretical
plate, represented by |Da*| [Eq. (14)], resulting from the
degree of uncertainty in the data as a result of the gaussian
distribution of cell diameters, it is possible to calculate the
number of plates, or in the context of this derivation, the
number of individual values ofa* one can distinguish (with
a degree of accuracy determined byz) for a particular range
of v*c . Two methods will be presented that allow the deter-
mination of the number of plates: a graphical approach and
an analytical approach.

Graphical Approach

The graphical approach has some similarities to the graphi-
cal approach used in distillation, absorption analysis, and
chromatography (Foust et al., 1980; Giddings, 1991). Ifs
4 0 (corresponding to a monodisperse cell suspension),
inequalities in Eq. (13) reduce to Eq. (8) (withD*cm 4 1)
showing a linear relationship betweena* and v*c going
through the origin with a slope of 3/zF*b. This is represented
by the solid line in Figure 7. For values ofs* > 0 (corre-
sponding to a distribution of cell diameters around certain
mean cell diameter), two additional lines can be drawn. One
line will have a slope increased by a factor of 1/(1 −zs*)
and the other will have a slope decreased by a factor of 1/(1
+ zs*), relative to the line withs equal to zero [Eq. (13);
note that |z| z s* < 1]. These lines are called operating lines.
Also, as indicated, ass* or z increases, the relative distance
of the operating line off the solid line increases.

Once these three lines are drawn, one can find the cor-
responding value ofa*, for a given v*c , or coordinates of

Figure 6. Fraction of cells with a velocityv*c versusv*c for a range of
values of the producta*F*b.
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point A in Figure 8 (a*a, v*ca), from the solid line. Next, a
horizontal line can be drawn through pointA. The points of
intersection of this horizontal line with the two operating
lines correspond to the edges of one ‘‘theoretical’’ plate.
Subsequently, a vertical line can be drawn upwards from the
highest value ofv*c for the particular plate (pointC in Fig.
8), until it intersects with the upper operating line. Next,
another horizontal line can be drawn until this line intersects
with the lower operating line. This corresponds to the next
‘‘plate.’’ This process can be continued in both directions
until the limits of the measured values ofv*c (lower, v*c0,
and upper,v*cn) are reached.

Several observations regarding this process can be made.
First, as can be observed from from Figure 8, the ‘‘size’’ of
a ‘‘plate’’ increases with increasing values ofv*c and a*.
Also, the number of ‘‘plates’’ is a function of the value of
s*. The smaller the value ofs*, the greater the number of
‘‘plates’’ that can be obtained for a given velocity range.
This corresponds to a greater ability to differentiate cells
with respect to different values ofa*.

Analytical Approach

The theoretical number of plates can also be determined
analytically. For a given velocity difference,v*cn − v*c0, if the
difference is sufficiently large, one can divide the difference
into n theoretical plates. This is illustrated graphically in
Figure 9 (forn 4 4), and mathematically by:

v*4 − v*0 4 (v*1 − v*0) + (v*2 − v*1) + (v*3 − v*2) + (v*4 − v*3)
(15)

One can then replace thev*n terms using the following re-
lationships:

vn+1
* =

z*Fb*

3
~1 + zs* !an*

= k1an*; vn*

=
z*Fb*

3
~1 − zs* !an*

= k2an* (16)

to obtain:

k2~a4* − a0* ! = ~k1 − k2!a0* + ~k1 − k2!a1* + ~k1 − k2!a2*
+ ~k1 − k2!a3* (17)

Making the substitution:

~k1 − k2! = Fz*Fb*

3
~1 + zs* ! −

z*Fb*

3
~1−zs* !G

=
z*Fb*

3
2zs*

= C (18)

into Eq. (17) one obtains:

k2~a4* − a0* ! = Ca0* + Ca1* + Ca2* + Ca3* (19)

Next, a1* can be replaced by the following function ofa0:

a1* =
v1*

k2
=

k1

k2
a0* = Ka0* (20)

Figure 7. Position of operating lines for graphical method for determi-
nation of theoretical number of plates.

Figure 8. Graphical example of theoretical plate calculations.

Figure 9. Position for four plates used in the derivation of analytical
solution to the theoretical number of plates. In this example,z 4 2, s 4

0.05, andz 4 1.
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whereK 4 k1/k2. Eq. (20) can be generalized to:

am* = K ma0* (21)

Substituting Eq. (21) into Eq. (19) one obtains:

k2~a4* − a0* ! = Ca0* + CKa0* + CK2a0* + CK3a0* (22)

Rearranging, Eq. (22) becomes:

k2

Ca0*
~a4* − a0* ! = @1 + K + K2 + K3# (23)

Given the geometric series:

b + br + br2 + br3 + ? ? ? + brn−1 =
b~1 − rn!

1 − r
(24)

one can replace the right-hand side of Eq. (23) with Eq. (24)
to obtain:

k2

Ca0*
~a4* − a0* ! =

1 − K4

1 − K
(25)

Generalizing, and solving for the ‘‘n’’ plate, one obtains:

n =
lnF1 − ~an* − a0* !~1 − K!

k2

Ca0*
G

lnK
(26)

Substituting back the definitions ofK, k2, andC, and sim-
plifying, one obtains:

n =
lnFan*

a0*
G

lnF1 + zs*

1 − zs*G
=

lnFvn*

v0*
G

lnF1 + zs*

1 − zs*G
; ?z?s* , 1 (27)

Eq. (27) indicates that the number of theoretical plates is a
function of only the ratio ofa*n/a*o or v*n/v*o and the values
of z ands*, such that the condition |z| z s* < 1 is true.

Figure 10 is a plot of Eq. (27) for the number of theo-
retical plates,n, as a function of the ratioa*n/a*o for different
values of the product,zs*.

DISCUSSION

The preceding analysis provides a theoretical limit for the
number of fractions into which an immunomagnetically la-
beled cell suspension can be divided. An interesting obser-
vation of Eq. (27) is the lack of a magnetic force term,
which implies that the number of plates is independent of
magnetic force applied to separate the cells. This is in con-
trast to relationships that define the number of theoretical
plates needed in chromatography or electrophoresis. For
both these types of separation, Giddings (1991) commented
on how the theoretical number of plates is proportional to
the ratios of two energies: ‘‘−Dmexl, the energy which cre-

ates and structures the separation, and thermal energy,RT
(times 2u), which drives the diffusion that dissipates the
separation.’’ Mathematically, the number of theoretical
plates,N, is represented by:

N =
−Dmext

2uRT
(28)

This observation, namely the lack of dependence of the
theoretical number of plates on the driving force of the
magnetic separation, can best be described by understand-
ing that: (1) the ‘‘randomizing energy’’ is based on cell size
distribution, not thermal energy; and (2) as Eq. (6) indicates,
the magnetic force acting on the cell,Fm, is directly pro-
portional to both the ‘‘randomizing’’ term,Dc, and the cel-
lular separation term,a. Consequently, asFb increases, the
velocity ‘‘spread’’ due to the ‘‘randomizing’’ effect of the
distribution of cell diameters also increases (see Fig. 6).

The results in Figures 1 and 4 indicate that a large range
of marker densities exists, if one makes the assumption that
a proportionality exists between fluorescence antibody tag
and cell surface marker. Making the assumptions that: (i) a
102 range in marker density exists in the CD8 lymphocytes,
which is equivalent to mathematically stating the ratioa*n/
a*0 4 102 (or a ratio in maximum and minimum velocity,
v*n/v*0 4 102); (ii) the nondimensionalized standard devia-
tion, s*, of the cell diameter is 0.051; and (iii) choosing a
value ofz 4 2, then Eq. 27 or Figure 10 indicates that 22.5
‘‘theoretical plates’’ are possible. In other words, for a
95.5% confidence that a given ‘‘plate’’ contains cells with
a marker density of a given value, 22.5 fractions of CD8
lymphocytes differing in marker densities can be theoreti-
cally obtained.

Figure 10. Plot of Eq. (27) for the number of theoretical plates,n, as
function of the ratioa*a/a*o for different values of the product,zs*.
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Visual inspection of Figure 4 indicates that, for the
MCF-7 cells, a 103 range in marker density exists, which is
equivalent to stating mathematically the ratioa*n/a*0 4 103.
However, because the nondimensionalized standard devia-
tion, s*, of the cell diameter is 0.352, for a value ofz 4 2,
Eq. (27) or Figure 10 indicate that only 4.0 theoretical plates
can be obtained. This large reduction in the number of theo-
retical plates, despite the factor of ten increase in range of
marker density, indicates the importance of the distribution
of cell diameters in this analysis (standard deviation of the
MCF-7 cells is 6.4 times greater than lymphocytes). It
should be noted that visual, microscopic observations of
these cells confirm the Coulter Counter data that there is, in
fact, a large range in cell diameters. Moreover, visual mi-
croscopic observation of cell motion in the magnetic field
(unpublished) shows significant differences between veloc-
ities of cells of the same size thus qualitatively verifying the
assumption that cell surface marker density is independent
of cell surface area.

In our current analysis, a normal distribution was used to
describe distributions of diameters of human lymphocytes
(Fig. 3). However, a log-normal distribution for highly dis-
persed cells size might be more appropriate (such as the
MCF-7 cell line). Future work will consider both types of
distribution.

Several significant assumptions were made in this deri-
vation. A major assumption, which comprises several of the
assumptions stated previously, relates to the concept of a
direct proportionality between marker density and the de-
gree to which a cell is paramagnetically labeled. This situ-
ation is not unique. As discussed in the Introduction, quan-
titation of fluorescence with respect to surface marker den-
sity in FACS analysis has been and is continuing to be
conducted (Bikoue et al., 1996). We are developing a ‘‘next
generation’’ analysis device, based on the initial device de-
veloped by Reddy et al. (1996) in which individual, mag-
netically labeled cells are microscopically recorded, as they
move through a known magnetic field. These recorded im-
ages are then analyzed by computer and quantified, in a
statistically meaningful way, to determine both the mean
and distribution of paramagnetic labels on cells. This device
will allow optimization studies to be conducted on the la-
beling protocols as well as a variety of other tests and con-
trols.

A second assumption is the lack of flow effects except for
drag. Ongoing research in our laboratories (Zborowski et
al., 1997a, 1997b) is developing devices that can ‘‘fraction-
ate’’ immunomagnetically labeled cells, with respect to a
particular cell surface marker. With these devices, various
flow effects on the ability to achieve the theoretical number
of plates, are being investigated.

The final significant assumption is that marker density is
independent of cell diameter (cell surface area). This as-
sumption has been well documented by Shapiro (1995) for
selected cell types. Using the modified technique of Reddy
et al. (1996), discussed earlier, and cell size analysis by
Coulter Counter, this assumption will be tested extensively.

NOMENCLATURE
Ac surface area of a cell (m2)
a acceleration (m/s2)
B magnetic flux density (Tesla)
C k1 − k2

Dc cell diameter (m)
Dcm mean cell diameter (m)
Dcl characteristic length (1 × 10−5 m)
Fm magnetic force vector
Fm magnitude of magnetic force
Fb magnitude of magnetic force per antibody microbead complex
Fbl magnitude of characteristic magnetic force per antibody–bead

complex (1.96 × 10−15 N)
Fbou magnitude of the force of buoyancy (N)
Fd magnitude of the force of drag (N)
g force of gravity (m/s2)
k1 zF*b/3 (1 + zs)
k2 zF*b/3 (1 − zs)
K k1/k2

m cell mass (kg)
n number of theoretical plates
R gas constant
Vb volume of paramagnetic bead (m3)
vc velocity of a cell (m/s)
v1 characteristic velocity (1 × 10−5 m/s)

Greek letters

a number of specific markers/unit surface area of cell (3.18 × 1014/
m2)

b number of antibody magnetic bead complexes bound per marker
z ratio of magnetic forces to drag forces
p pi
rf density of fluid
xb magnetic susceptibility of a magnetic bead
xf magnetic susceptibility of the surrounding medium
Dx (xb − xf)
mo magnetic permeability of free space (4p × 10−7 Tm/A)
h viscosity of water (1 × 10−3 kg/m z s)
s standard deviation of cell diameters (m)

Superscripts

* nondimensional form

Subscripts

l characteristic values
o lowest value of variable
n highest value of variable
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